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Abstract. Suppose F — W{k)[l/p] where W{k) is the ring of 
Witt vectors with coefficients in algebraicly closed field k of char- 
acteristic p ^ 2. We construct integral theory of p-adic semi-stable 
representations of the absolute Galois group of F with Hodge- Tate 
weights from [0,p). This modification of Breuil's theory results in 
the following application in the spirit of Shafarevich's Conjecture. 
If y is a projective algebraic variety over Q with good reduction 
modulo all primes I ^ 3 and semi-stable reduction modulo 3 then 
for the Hodge numbers of Fc = >"«)qC, it holds h^{Yc) = /i^'H^c)- 



Introduction 

Everywhere in the paper p is a fixed prime number, p 7^ 2, is 
algebraicly closed field of charactersitic p, F is the fraction field of the 
ring of Witt vectors W{k\ F is a fixed algebraic closure of F and 
Vp = Gal(F/F) is the absolute Galois group of F. 

Suppose F is a projective algebraic variety over Q. Denote by 
the corresponding complex variety Y (8>q C For integers ra, m ^ 0, set 
/i"(Fc) = dimc//"(rc,C) and /i"'-(Fc) = dime 

The main result of this paper can be stated as follows. 

Theorem 0.1. IjY has semi-stable reduction modulo 3 and good re- 
duction modulo all primes I 7^ 3 then /i^(lc) = ^^'""^(^c)- 

Remind that a generalization of the Shafarevich Conjecture about 
the non-existence of non-trivial abelian varietis over Q with everywhere 
good reduction was proved by Fontaine [l^ and the author [2], and 
states that 

(0.1) h\Yc) = h^Yc) = 0, h\Yc) = h''\Yc) 

if Y has everywhere good reduction. (The Shafarevich Conjecture ap- 
pears then as the equality h^(Yc) = 0.) This result became possible 
due to the following two important achievements of Fontaine's theory 
of p-adic crystalline representations: 
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— the Fontaine- Messing theorem relating etale and de Rham coho- 
mology of smooth proper schemes over W{k) in dimensions [0,p), [TT] 
(which was later proved by Faltings in full generahty, [5]); 

— the Fontaine-Laffaille integral theory of crystalline representations 
of Tp with Hodge- Tate weights from [0,p — 2], [9]. 

Note that the Fontaine-Laffaille theory works essentially for Hodge- 
Tate weights from [0,p) but does not give all Galois invariant lattices in 
the corresponding crystalline representations. Nevertheless, this theory 
admits improvement developed by the author in [IJ. As a result, there 
was obtained a suitable integral theory for Hodge-Tate weights from 
[0,p), which allowed us to prove some extras to statements (10. ip . in 
particular, that modulo the Generalized Riemann Hypothesis it holds 

Since that time there was a huge progress in the study of semi- 
stable p-adic representations. Tsuji [19] proved a semi-stable case of 
the relation between etale and crystalline cohomology and Breuil [5l [6] 
developed an analogue of the Fontaine-Laffaille theory in the context of 
semi-stable representations (even for ramified basic fields). The papers 
[1] and [T7] studied the problem of the existence of abelian varieties 
over Q with only one prime of bad semi-stable reduction. Note that 
the progress in this direction is quite restrictive because our knowledge 
of algebraic number fields with prescribed ramification at a given prime 
number p (and unramified outside p) is very far from to be complete. 
Theorem 10.11 represents an exceptional situation where the standard 
tools: the Odlyzko estimates of the minimal discriminants of algebraic 
number fields and the modern computing facilities (SAGE) are enough 
to resolve upcoming problems. In addition, the proof of this theorem 
requires a modification of Breuil's theory to work with semi-stable rep- 
resentations of Tp with Hodge-Tate weights from [0,p). 

The structure of this paper can be described as follows. 

In Section 1 we introduce the category C* of filtered {ip, A^)-modules 
over Wi := ^[[m]]. This is a special pre-abelian category, that is an 
additive category with kernels, cokernels and sufficiently nice behaving 
short exact sequences. Note that such categories play quite apprecia- 
ble role in all our constructions. In Section 2 we construct the functor 
V* from C* to the category MT p of Fp[r^]-modules. The version CV* 
of V* gives a fully faithful functor from C* to the category of cofil- 
tered Fir-modules CMF j.. In Section 3 we give an interpretation of 
Breuil's theory in terms of W := iy(fc)[[M]]-modules (Breuil worked 
with modules over the divided powers envelope of W) by introducing 
the category of filtered (</?, A^)-modules over W. The advantage of 
this construction is that the objects of this category appear as strict 
subquotients of p-divisible groups in suitable pre-abelian category. This 
allows us to use devissage despite that all involved categories are not 
abelian. We also introduce the subcategories and, resp., of 
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unipotent and, resp., multiplicative objects in CJ^ and prove that any 
is a canonical extension 

(0.2) 0— — > L — > — ^0 

of a multiplicative object £™ by a unipotent object In Section 
4 we study Breuil's functor V^* : CJ^ — > MF j. in the situation of 
Hodge- Tate weights from [0,p). We show that on the subcategory 
this functor is still fully faithful by proving that on the subcategory of 
killed by p unipotent filtered modules the functors V-^* and V* coincide. 
Then we show that for any killed by p object L of CJ^ ^ the functor 
transforms the standard short exact sequence fl0.2p into a short exact 
sequence in MF j., which admits a functorial splitting. This splitting 

is used then to construct a modified version CV : U — )■ CMTp, of 
V-'^*, which is already fully faithful. This gives us an efficient control on 
all Galois invariant lattices of semi-stable representations with weights 
from [0,p). Especially, we have an explicit description of all killed 
by p subquotients of such lattices and the corresponding ramification 
estimates. Finally, in Section 5 we give a proof of Theorem 10 . 1 1 following 
the strategy from [2J. 

Essentially, we obtain the following result: if ^ is a 3-adic represen- 
tation of Fq = Gal(Q/Q) which is unramified outside 3 and is semi- 
stable at 3 then there is a F^-equivariant filtration by Qa-subspaces 
y = I/q D Vi D 1/2 D 1^5 = such that for ^ i ^ 2, the F^-module 
Vi/Vi+i is isomorphic to the product of finitely many copies of the Tate 
twist Q3(i). If = ifgj(yF,Q3) then looking at the eigenvalues of 
the Frobenius morphisms of reductions modulo / 7^ 3, we obtain that 
V = Vx and V2 = 0, and this implies that h^{Yc) = /i^'^(lc). 

Note that our construction of the modification of Breuil's functor 
gives automatically the modification of the Fontaine-Laffaille functor, 
which is very close to its modification constructed in pQ. It is worth 
mentioning that switching from Breuil's S'-modules to W-modules means 
moving in the direction of Kisin's approach [T^ and recent approach 
to integral theory of p-adic representations by Liu [T5| IT6] . Finally, 
mention quite surprising matching of the ramification estimates for 
semi-stable representations and the Leopoldt conjecture for the field 
Q(v^,C9), cf. Section El 

Acknowledgements. The author is very grateful to Shin Hattori 
for numerous and helpful discussions. 
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1. The categories £*, £o, £*, £o 

Remind that k is algebraicly closed field of characteristic p > 2. Let 
W = [[«]], where W{k) is the ring of Witt vectors with coefficients 
in k and u is an indeterminate. Denote by a the automorphism of W{k) 
induced by the p-th power map on k and agree to use the same symbol 
for its continuous extension of o" to W such that o'(-u) = u^. Denote 
by : W — > W the continuous W{k)-lmeai derivation such that 
N{u) = -u. 

Let yVi — yV/pW with induced cr, (p and N. We shall often use 
below the following statement. 

Lemma 1.1. Suppose L is a module of finite rank over Wi and A is 
a a -linear operator on L. Then the operator id — .4. is epimorphic. If, 
in addition, A is nilpotent then id — A is bijective. 

Proof. Part b) is obvious. In order to prove a) notice first that we can 
replace L by L/uL and assume that L is a finite dimensional vector 
space over k. Then L — Li Q) L2, where A is invertible on Li and 
nilpotent on L2. It remains to note that Li — Lq k, where Lq is a 
vector space over Fp such that ^l^g = id. □ 

1.1. Definitions and general properties. 

— * 

Definition. The objects of the category Lq are the triples 
£ = (L, F{L), ip), where 

• L and F{L) are Wi-modules such that L D F{L); 

• (p : F{L) — y L is a cr-linear morphism of Wi-modules; (Note that 
(p{F{L)) is a cr(Wi)-submodule in L.) 

If £1 = {Li, F{Li),ip) is also an object of then the morphisms 
/ G Hom^* (£1, C) are given by Wi-linear maps / : Li — > L such that 
/(F(Li))"c F{L) and fip = ipf. 

— * 

Definition. The objects of the category L are the quadruples JC — 

{L,F{L),p,N), where 

— - * 

• (I/, F{L), ip) is an object of the category C^; 

• N : L — > L/u^PL is a Wi-difTerentiation, i.e. for all w e Wi and 

I e L, N{wl) = N{w) {I mod u'^PL)+wN{l); 

' — • * 

• if £1 = (Li, F{Li), p, N) is another object of £ then morphisms 

Hom^*(£i, £) are given by / : (Li, F{Li), p) — )■ (L, F{L), p) from £q 
such that fN = Nf. (We use the same notation / for the reduction 
of / modulo u^^L.) 

The categories £ and £q are additive. 

Definition. The category £q is a full subcategory of £q consisting of 
the objects £ = (L, -F(L), p) such that 
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• L is a free Wi-module of finite rank; 

• F{L) D uP-^L; 

• the natural embedding (fi{F{L)) C L induces the identification 
(^(F(L)) (8,(wo m = L. 

Definition. The category L* is a full subcategory of £_ consisting of 

the objects C = {L, F{L), (p, N) such that 
. {L,F{L),^)eC;; 

• for all / e F(L), uN{l) e F{L) modM^^L and N{ip{l)) = ipiuN{l)) 
(we use the same notation (p for the morphism (f mod u^^L) . 

The categories £q and C* are additive. 

In the case of objects (L, -F(L), (/?, N) of C* the morphism can be 
uniquely recovered from the >Vi-differentiation A^i = N modu^L due 
to the following property. 

Proposition 1.2. Suppose Ni : L ^ L/u^ is a Wi- differentiation 
such that for any m, G F{L), uNi{m) G F{L) modu^L and iVi (</?(/)) = 
(p{uNi{l)). Then there is a unique Wi-dijferentiation N : L — > 
L/u^P such that NmoduP — Ni and for any m G F{L), N{(p{m)) — 
(f{uN{m)). 

Proof. Choose a Wi-basis mi, . . . , G F{L). Then h = (p{mi), . . . , 
Is = ^{rris) is a Wi-basis of L and a (T(Wi)-basis of ip{F{L)). 

Let A^(/j) := ip{uNi{mi)') G L/u'^^\ where Niinii)' are some lifts of 
iVi(mj) to L/u'^P. Clearly, the elements A^(/j) G ^{F{L)) C L/m^p are 
well-defined (use that (/p(?/P+^L) C v?pL). 

For any / = Y^i^ik G L, let Ar(Z) := Y.rN{wi)k + Y.,WiN{k). Then 
iV : L — )■ L/u^P is a Wi-differentiation and A^mod-u^ = Ni. Clearly, 
N is the only candidate to satisfy the requirements of our Proposition. 

Now suppose m — 'Ylii'^i^i ^ -^(-^) with all wi G Wi. Then 
N{(p{m)) — a {wi)li mod u'^P. On the other hand, (p{uN{m)) equals 

'^^uPa{N{wi))li + '^^ip{wiuN{mi)) = a{wi)li modt^^^ 

ill 

because all a{N{wi)) G wV(Wi)). 

The proposition is proved. □ 

Proposition 1.3. £q and are pre-abelian categories, cf. Appendix. 

Proof. Suppose S is additive category and / G }ioms{A, B). Then 
i G }ioms{K, A) is a kernel of / if for any D & S, the sequence of 
abelian groups 

RouisiD, K) Yioms{D, A) Hom5(D, B) 

is exact. Similarly, j G Hom.s{B, C) is a cokernel of / if for any D & S, 
the sequence 

— > Hom5(C, D) A RomsiB, D) A Hom5(A, D) 
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is exact. 

Let FWi be the category of free Wi-modules with filtration. This 
category is pre-abeUan. More precisely, consider two its objects L — 
{L,F{L)), M = {M,F{M)) and / G Hom^yVil-C, A^). 

Then Ker py^^f appears as a natural embedding ic : K. = {K, F{K) — > 
L, where K = Ker(/ : L — > M) and F{K) ^ Kn F{L). Then 
ImFWi / = Coker^Wj (KeriTw^/) appears as a natural projection jc '■ 
C^C = {L',F{L')), where L' = f{L) and F{L') = f{F{L)). 

Similarly, Coker/ appears as a natural projection jj^ : Ai — )■ C = 
{C,F{C)), where C = {M / L') / {M / L'^^r and F{C) = 3m{F{M)). 
Then Coim^wi / — Ker^^w^ ( Coker iryvi/) is a natural embedding M' — 
{M',F{M')) — > M, where M' = MnKer/ and F(M') = F(M)nM'. 

As usually, we have a natural map C — > Ai' induced by L' C M'. 
Note that M/M' is free and M' / L' is torsion Wi-modules and these 
properties completely characterize M' as a Wi-submodule of M. 

Now suppose C = (L, F{L), (p),M = (M, F{M), ip) are objects of £o 
and / e Hom£*(£, Ai). Use the obvious forgetful functor £q — > FWi 
and the same notation for the corresponding images of C At and /. 
Show that /C = Keipwi C = Coker j?vvi/ have natural structures of 
objects of £q and with respect to this structure they become the kernel 
and, resp, cokernel of / in Indeed, 

uP-^K = uP-'^LnK C F(L)nK^ F{K) = Ker(/ : F{L) F{M)). 

Therefore, (p{F[K)) C -ftT fl (p{F{L)) and there is a natural embedding 
L : (p{F{K)) (S>aWi Wi C K. On the one hand, 

iK^, V{F{K)) = rkw, F{K) = rkw, K. 

On the other hand, L/K has no Wi-torsion. This implies that the 
quotient ip{F (L)) / (p{F (K)) has no cr Wi-torsion and the factor of L = 
ip{F{L)) O^ivi Wi by lp{f{k)) (8)<^vVi Wi also has no Wi-torsion. So, 
the above embedding l becomes the equality (p{F{K)) <S>ayvi — ^ 
and)C={K,F{K),^) = KeTc^f. 

The above description of Ker^* implies that u^'^L' C F{L'), (pF{L')) — 
ip{F{M))/(p{F{K)) and L' ^~ip{F{L')) ^^Wi VWi. In other words, 
£'^{L',F{L'),^)ea 

Now note that for A4' = (M', F{M')) we have 

uP-^M' = (uP-^M) n M' C F{M) n M' = F(M') 
and, therefore, F{M')/F{L') is torsion Wi-module and 

• {ip{F{M')) <S)aWi >Vi)/L' is torsion Wi-module; 

On the other hand, F{M)/F{M') is torsion free Wi-module implies 
that ip{F{M))/ip{F{M')) is torsion free cr Wi-module and, therefore, 

• M/{(p{F{M')) (8)^vvi Wi) is torsion free Wi-module. 
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The above two conditions completely charaterize M' as a submod- 
ule of M. This means that (/?(F(M')) ®aWi >Vi = M' and M' = 
{M',F{M'),(f) e Q. This implies that {M/M',F{M)/F{M'),if) = 
{C, F{C),(f) = C G £o- Now a formal verification shows that C = 

Again Imc'J = {L',F{L'),^) and Coim^^ / = (M', F(M'), to- 
gether with their natural embedding l^ac* f — > Coim£* / in £q. As a 
matter of fact these two objects of £q do not differ very much. 

Lemma 1.4. <f{F{L')) D uPip{F{M')) (and, therefore, L' D u^M'). 

Proof of Lemma. Otherwise, there is an Z G ip{F{L'))\u^ip{F{L')) such 
that / e u^P^{F{M')). 

Form the sequence /„ G L' such that li = I and for all n ^ 2, 
In+i = (p{u"-"ln), where a„ ^ is such that G F{L') \ uF{L'). 

Clearly, all G uF{L') D m^L'. 

On the other hand, / G ^^^(^^(^(M')) C mP+^F(M') and, therefore, 
for all n ^ 1, /„ G ^"(m^pm') C mP"+pM'. So, for n > 0, /„ G mPL'. 
The contradiction. □ 

Now suppose £ = (L, F(L), iV) and = (M, F(M), iV) are ob- 
jects of £* and / G Hom£*(£, A^). Prove that the kernel {K, F{K), (p) 
and the cokernel {C, F{C),ip) of / in the category £q have a natural 
structure of objects of the category £*. 

Clearly, N{K) C Ker (/modw^P : L/m^pl — ^ M/u'^pM). The above 
Lemma [1.41 implies that u^f{L) D u^^M' and we can use the maps 

L'/uPL' ^ L'/u^m' — > M'/u^^M' ^ Mju^^M 

to deduce that N{K) C Ker(L/M2pL — > L' ju^L') and 

Ar(ir) modw^L C Ker(L/MPL — ^ L' /u^L') = K/vPK. 

Therefore, by Proposition 11.21 N (as a unique lift of A^^i = A^modw^) 
maps K to K/u'^pR and {K, F{K), ^, N) G C*. 

The above property of Ker^*/ implies that N{L') C V /v^^L' . Now 
use that w^M' C L', -u^^L' C m^pm' and N{uPM') C uPM/v?pM to 
deduce that 

Ar(MPM') C L'/u^^M' n vPM/u^m = u^M'/u^PM'. 

So, A^modu^ maps M' to M'/u^M' and again by Proposition 11.21 
N{M') C M' /v^^M'. This means that the kernel of the above con- 
structed Coker/ : {M,F{M),(f) — > {C,F{C),(p) is provided with the 
structure of object of the category £*. Therefore, N induces the map 
N : C ^ C/u^PC and (C, F(C), A^) g C* . The proposition is 
proved. □ 

Remark. The above proof shows that the kernels and cokernels in the 
category £* appear on the level of filtered modules as the kernel and 
cokernel of the corresponding map of filtered modules to 
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{L,F{L)) in the category of filtered Wi-modules. Therefore, the cate- 
gory C* is special, cf. Appendix A, and we can apply the corresponding 
formalism of short exact sequences. In particular, if we take another 
object C2 = (L2, F{L2), A^) G C* then 

• i e Hom£*(£i,£) is strict monomorphism iff i : Li — > L is 
injective and ijLi) D F{L) = i{F{Li)); 

• j G Hom£*(£, £2) is strict epimorphism iff j : L — y L2 is epimor- 
phic and j{fJl)) = F{L2). 

As usually, cf. Appendix A, if i is strict monomorphism then j = 
Cokeri is strict epimorphism and if j is strict epimorphism then i = 
Kerj is strict monomorphism and under these assumptions — > 

Ci C — ^ £2 — > is a short exact sequence. 



1.2. The category 

Proposition 1.5. Suppose C = {L, F{L), (p, N) G C* . Then the fol- 
lowing conditions are equivalent: 

(a) N{F{L)) C F{L)modu^PL; 

(b) N{ip{F{L))) C uPLmodu'^PL. 

Proof, (a) (6): if for any / G A^(/) G F{L)modu^PL then 

N{^{1)) = ^{uN{l)) = uP^{N{l)) G uPLmodu^PL. 

(6) (a): for any / G F(L), ^{uN{l)) = N{^{1)) G uPLmodu^PL; 
now use that ip induces an embedding of F{L)/uF{L) into L/uPL to 
deduce that uN{l) G uF{L) modu^PL, i.e. N{1) G F{L)modu'^PL (use 
that uP-^L C F{L)). □ 

Definition. The category is a full subcategory of C* consisting of 
(L, F{L), (f, N) such that : L — > L satisfies the equivalent conditons 
from Proposition 11.51 

Remark. If £ = {L,F{L),^,N) G then A^i = A^modw^ is the 
unique Wi-differentiation A^i : L — )■ L/uP such that its restriction to 
ip{F{L)) is the zero map. 

Proposition 1.6. Suppose L = {L, F{L),{p, N) G C^j.- Then there 
is a a{yVi)-basis li,. . . Jg of (p{F{L)) and integers ^ q < where 
1 ^ i ^ s, such that u^^/i, . . . ^u'^'ls is a Wi-hasis of F{L). 

Proof. Choose a Wi-basis mi, . . . , of L such that for suitable inte- 
gers Ci, . . . , Cg, the elements u'^'^rrii, . . . , u'^'rUs form a Wi-basis of F{L). 
Clearly all ^ q < p. 

For 1 ^ z ^ s and j ^ 0, let lij G ip{F{L)) be such that rrii = 
'^j^ouHij. Note that {/jo | 1 ^ « ^ s} is a cr(>Vi)-basis of ip{F{L)) 
and it will be sufficient to prove that all u'^Hio G F{L) because then the 
elements k := will satisfy the requirements of our proposition. 
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For all 1 ^ 2 ^ s, the element 

j j 

belongs to mod-u^^L if and only if YlijU + Ci)u^~^'''lij G F{L). 
(Use that u^L C uF{L).) This implies that for all integers k ^ 0, 
+ G F{L). Therefore, for any a G Z/pZ, 

G F{L). 

[j +Ci)modp=a 

In particular, taking a = Qmodp and using that u'^kj G F{L), we 
obtain that u^Hio E F{L). □ 

Consider the category of filtered Fontaine-Laffaille modules MEp-i- 
The objects of this category are finite dimensional /c- vector spaces M 
with decreasing filtration of length p by subspaces M = D D 
■ ■ ■ D MP-^ ^ MP = and cr-linear maps ipi : — > M such that 
Kei ifi D M*"*"^, where ^ i < p, and ^jlmyjj = M. The morphisms 
in MFp_^ are the morphisms of filtered vector spaces which commute 
with the corresponding morphisms ipi, ^ i < p. 

Define the functor JH from MFp_]^ to as follows. Suppose M is 
an object of MEp-i and /i, . . . , is a fc-basis of M which is compatible 
with the filtration {M-^}o^j<p. In other words, if for ^ i < p, the 
index is such that k G M^^^^ \ M^^^^~^^ then the elements of the set 
{hmodM^+^ I = j} form a A;-basis of /M^+^. Then M{M) = 
(L, F(L), (p, N) is such that 

• L = M(8)fc Wi; 

• is a unique cx-linear map such that for all ^ z < p, it holds 

^{up-'-m,) := ^jii){hy, 

• N is uniquely recovered from the condition A^|,^(f{l)) = Omodw^. 

Clearly, the above correspondence M {L, F{L), ip, N) can be nat- 
urally extended to the functor J-" from the category MF_p_i to the cat- 
egory £*^. 

Proposition 1.7. The functor J-' is surjective on objects. 

Proof. Suppose C = {L, F{L),ip, N) G By Proposition II ■6[ there 
are a a(yVi)-ha.sis /i, . . . , of ip{F{L)), integers ^ ci, . . . , < p, a 
matrix A G GLs(fc) and an s-vector a with coordinates in uPip{F{L)) 
such that 

(ifiu^Hi), . . . , ifiu^Hs)) = ih, ls)A + a. 

Suppose / = {h, . . . ,ls) and I' = {I'l, ■ ■ ■ ,1'^) = I + b, where b = 
. . . ,bs) is a vector with coordinates in uPip{F{L)). It will be suffi- 
cient to prove that b can be chosen in such a way that 

{^{u^%),...,^{u^%)) = l'A. 
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Equivalently, b must satisfy the relation 

where B = A^^ and a = aB. Therefore, the existence of b follows from 
Lemma 11.11 because the correspondence 

is a cr-linear endomorphism of the (T(Wi)-module uP(f{F{L))^ . □ 

Remark. The above functor J-" is not equivalence of categories. For 
example, MEp-i is abelian category but is not. 

1.3. Simple objects in £*. 

Definition. An object C of C* is simple if any strict monomorphism 
i : Ci — y C in C* is either isomorphism or the zero morphism. Equiv- 
alently, C is simple iff any strict epimorphism j : C — > £2 is either 
isomorphism or the zero morphism. 

All simple objects in C* can be described as follows. 

Let [0, l]p = {r G Q I ^ r ^ 1, Vp{r) = 0}, where Vp is a p-adic valu- 
ation. Then any r G [0, l]p can be uniquely written as r = "^^^^ 0'iP~\ 
where the digits ^ = aj(r) < p form a periodic sequence. The 
minimal positive period of this sequence will be denoted by s(r). 

Let f = 1 — r. Then f G [0, l]p and f = X]j>i '^iP~^i where for all 
i ^ I, the digits fij = aj(f) are such that ai + di = p — 1. 

Definition. For r G [0, l]p, let £(r) = {L{r), F{L{r)),ip, N) be the 
following object of the category 

• L(r) = ©igz/s(r)>Vi/i; 

• F(L(r)) = ©,ez/s(r)WiM'^>/i; 

• for z G Z/s(r), (p{u"-Hi) = Zj+i. 

• is uniquely recovered from the condition A^|^(f{l)) = Omodw^. 

If n G N and r G [0, l]p set r(r;,) = X]i>i Extend this 
definition to any n G Z by setting r{n) := r{n+Ns{r)) for a sufficiently 
large A^ G N. Then we have the following properties. 

Proposition 1.8. a) If r G [0, l]p then C{r) is simple; 

b) if ri,r2 G [0, l]p then C{ri) ~ £(?"2) if and only if there is an 
72 G Z such that ri = r2{n); 

c) if L is a simple object of the category C* then there is anr & [0, l]p 
such that C C{r). 

Proof. The proof of a) and b) is straighforward. Then c) can be proved 
along the following lines. Suppose £ = {L,F{L),(p,N) G C*. Take 
a non-zero I E L \ (uL) and form the sequence /„ G C* as follows. 
Set Iq = I and by induction on n ^ 0, let a„ G Z^q be such that 
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G F{L) \ {uF{L)) and := (p{u''"ln)- Then one can prove that 
r — ^„^o ^nP~^ £ Q) in other words, the sequence a„ is periodic for 
n ^ 0. Then (using that k is algcbraicly closed) one can choose an 
a & k such that the sequence := (t"(q;)/„ is periodic for n ^ 0. Then 
one can easily see that the elements N{1'^) give either a similar sequence 
or N{1'^) e li^Lmodw^^L for 0. Because A^modu^ is nilpotent on 
ip{F{L)), we can assume the second alternative and in this case for 
n 0, C{r{n)) D C. Clearly, this embedding is strict and, therefore, 
C = C{r{n)). □ 



1.4. Extensions in £*. Suppose ri,r2 G [0, Choose an s e N 
which is divisible by s(ri) and s(r2) and introduce the objects £i = 
{Li,F{Li),(f,N) and £2 = {L2, F{L2),(p, N) of the category as 
follows: 

• Li = ©,gz/sWi/f \ F(Li) = ©iez/.WiM'^'/f \ where n = ^i^i 
with the digits ^ Oj < p, Oj = (p — 1) — Oj and for all i e Z/s, 

• L2 = ®,ez/.WiZf \ F(L2) = ®jez/sWiu''Hf\ where = hP~' 
with the digits ^ 6j < p, 6^ = (p — 1) — 6j, and for all j e Z/s, 
^(-^^■/f ) = /fi- 

Note that for i = 1,2, £j is isomorphic to the product of s/s{ri) 
copies of the simple object C{r-i). 

Suppose C = {L,F{L),ip,N) e Ext£*(£2, A)- Consider a a{Wi)- 
linear section S : l^^^ i-> Ij, j E I'/s, of the corresponding epimorphic 
map ip{F{L)) — > ip{F{L2)). Then: 

• L = Li® {(Bjez/sWi)] 

• for all indices j G Z/s, there are unique elements Vj G Li, such 
that F{L) = F(Li) + Ejez/s"^i(«^'^i + ^i) and (^(w^^/^ + Vj) = Ij+i, 

• F{L) D uP-^L if and only if for all j G Z/s, w^^Vj G 

• if 5" : if^ 1-^ = + ip{wj-i), where j G Z/s and w^-i G -F(ivi), 
is another section of the epimorphism (p{F{L)) — > (p{F{L2)) then for 
the corresponding elements Vj G Li, it holds Vj —Vj — Wj — u^^(fi{wj^i). 

Proposition 1.9. For a given C G Ext£*(£2, there is a section 
S such that the corresponding system of factors {vj G Li | j' G Z/s}, 
satisfies the following normalization condition: 

(CI) ifvj = Z)i,t 7ijt'"*4^^ ^^^^ 7ijt e k, then -fijt = ift^bj. 

Proof Choose a section S of the projection ip{F{L)) — (p{F{L2)) 
such that the number of elements in the set 7(5") = {'jijt 7^ \ t = bj} 
is minimal. Suppose 7(5') 7^ (otherwise, the proposition is proved). 
Let {vj I j G Z/s} be the corresponding system of factors. 
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Suppose io,jo £ ^/s are such that 7 = 7jj,jQ5^, 7^ 0. Replace 
{vj I j G Z/s} by an equivalent system {vj \ j G Z/s} via the el- 
ements {wj G F{Li) I j G Z/s} such that = if j 7^ jo — 1 
and = <7-i(7)x.»'o-iZ« ^. If v'j = E.,7>*^f^ then 7;^.^-^,^ = 

and (because of the above minimality condition for 5") we must have 
ttiQ-i — &10-1 and 7' _i ■ _i t = ^'^{l)- particular, the new sec- 

tion S' again satisfies the minimality condition. 

Repeating the above procedure we obtain for all n G Z/s, that 
Sig-n — bj^-n, that is fi(io) = 'r2(jo)- In addition, for all m G Z/s, 

it holds 7,o+m,,o+m,6,„+^ = ^"(t) 7^ 0. 

Choose /3 E K such that P — a^{/3) — ^ and consider G F{Li) 
such that for all n G Z/ s, Wjo+„ = (7"(^)ii^^o+nZg)_^. Then for the 
corresponding new system of factors {vj \ j G Z/s}, where 



Vj = Vj 



+ Wj — u'^^(p{Wj-i) 



. lijt 



t,il) 



uH 



i.t 



it holds = 0, and jijt = 7,'^ if {i,j,t) {io,Jo,bjo)- This 

contradicts to our original assumption that the number of elements in 
7(5") is minimal. □ 

Proposition 1.10. For a given C G Ext£*(£2, -Ci) there is a section S 
such that the corresponding system {vj \ j G Z/s), satisfies the above 
condition (CI) and the following normalisation condition: 
(C2) the coefficients jijt — if t > Ui. 

Proof. Suppose v^^^ = {vj \ j G Z/s) is such that Vj^ = 'yu^^l^l^ with 
7 G fc, to > fljo j 7^ io, Vj = 0. It will be sufficient to prove that 

any such system of factors is equivalent to the trivial system of factors. 

Take = {wf \ j G Z/s} such that = -lu^^l-]^ and wf^ = 
if j 7^ jo- Then the corresponding equivalent system {fj^'' | j G Z/s} 
is such that Vj^^ = if j ^ jo + 1, and fj^+i = 7^^*^^io+i) where ti — 
bj^+i + {to-aiJp. This implies that ti p > aig+i, ti-ai^+i ^ to-Qi^, 
and ti — ajg+i > to — ai^^ unless 6jo+i = 0, ti = p and ajg+i = p — 1. 

Therefore, we can repeat this procedure to get for all n ^ 0, the 
systems of factors w*^"^ = {^f^ I j ^ Z/s) and the corresponding 
equivalent systems of factors v = {f]"-* | j G Z/s} such that v^^ — 

if 3 + Jo + n, and v^^l^ = Y^uH^lln- 

If {^2,^1, to) 7^ (0,1, p) then i„ — >■ 00 and we can use the system 
w — {X]„>o'"^j"^ I J £ ^/s} to trivialize our original system of factors 
v(^\ 
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If (f2, ri, to) = (0, l,p), one can trivialize v^^^ via w = {wj \ j G Z/s}, 
where for ^ n < s, Wjo+n = K'^"u^lil\n k G /c is such that 

K — Ki^" = 'J. □ 

Suppose, as earher, that £ G Ext£*(£2, -Ci) and assume that it is 
given via the system of factors {vj \ j G 1>/s}, where all Vj satisfy the 
normalization condition (CI) from Proposition 11.91 

Proposition 1.11. a) // all vj G F{Li) then there is a crystalline 
C G Ext£*^(£25 -Ci) C Ext£* (£25 -Ci) with the same system of factors. 
b) //£ G then all Vj G F{Li). 

Proof a) If all Vj G F{Li) then N{vj) G modw^p^^ ^nd u^Hj G 

F(L)modu^^L. Therefore, the congruences 

N{(p{m)) = Lp{uN{m)) mod u^L, 

for all m G F{L), are equivalent to the congruences 

Ar(/j+i) = ^{u^^+^ N {I j)) mod u^L. 

Therefore, by Proposition 11.21 the zero map ip{F{L)) — y L/u^ can be 
extended to a unique Wi-differentiation A^' : L — y L/v^"^ such that 
the quadruple (L, F(L), A^') G £^r- 

b) Suppose that £ G £*^ and all fj = ^it'lijtuHf\ where = 0. 
Consider the congruence (use that —u^^lj = vj mod F{L)) 

(1.1) N{u^Hj + Vj) = J2^iJtibj - t)uHf^ + u^^N{lj)modF{L). 

i,t 

The condition £ G £*,, implies that N{v!'Hj + t;^) G F(L)modM^PL 
and A^(/j) G u^Lmodu^^L C F(L)modM^^L. This means that all 

{hj - t)7ijtM*/f ^ G F(Li). Therefore, for t ^ bj, lijtuHf'^ G F(Ivi), and 
Vj G F{Li). The proposition is proved. □ 

Definition. A pair (^o, jo) ^ {'^/^Y is (ri, r2)cr-aclmissible if 7^ hj^ 
and there is an mo G N such that Sio+mo > ^io+mo and for < m < mo. 

Remark. Clearly, for any (ri, r2)cr-admissible pair of indices {io,jo), 
it holds ri(zo) > r2(jo). 

Definition. For (io)Jo) ^ i'^/^Y and 7 G fc, denote by Ecr{io, jo,'y) 
the extension £ G Ext£*^(£2, £1) given by the system {t>j | j G Z/s} 

such that fjp = 7m"*o/|^-' and fj = if j 7^ jo- 

Proposition 1.12. Any element £ G Ext^*^ (£2, £1) can be obtained 
in a unique way as a sum of Ecr{i,j,'yij), where [i,]) G (Z/s)^ runs 
over the set of all {ri,r2)cr-(^dmissible pairs and all '-fij G k. 
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Proof. Propositions II. 9m. Ill imply that any C = {L,F{L),ip,N) from 
the group Ext£*^(£2, -^i) can be presented as a sum of extensions 
Ecrihjylij), where i,j G Z/s are such that di 7^ bj, and all 7jj G k. 

If mo G N is such that Oj+mo < ^j+mo and for < m < mo, it 
holds a^+m = bj+rn, then the extension Ecr{i, jy'jij) is trivial, cf. the 
proof of Proposition II.IUI Therefore, any C can be obtained as a sum 
of Ecr{i, jyjij), where all jij G k and the pairs are (r'i,r2)cr- 

admissible. 

Prove the uniqueness of such presentation. Suppose C is given via 
the system of factors v = {vj \ j G Z/s} such that for all j G Z/s, 

Vj = ^i'yiju"''li^\ where the coefficient %j = if is not (ri,r2)cr- 
admissible. Suppose there is a system w = {wj G F{L) \ j G Z/s} 
such that Vj = Wj — u^^ip{wj^i). 

For some coefficients Kij G k, wj = /tijU'*'Z-"'^WoduF(L) and, 
therefore. 



• aio+mo ^ bj^+mo, but for all < m < mo, ai^+^n = bj^+m; 

• (ii, ji) G {(io + m, jo + I ^ m < mo}. 

Suppose bjg+mo < Ojg+mo, that is (io, jo) is (ri, r2)cr-admissible. Then 
relation fll.2l) together with relations 7, , ^ , ^ s =0, where m G 

{mo, mo - 1^ . . . , 1}, imply that Ki^+rno-ijo+mo-i = ■■■ = Ki^j^ = 0. 

Suppose &jo+mo > ^io+mo, i-e. («o,jo) is not (ri, r2)cr-admissible. 
Then relation (11. 2p together with relations 7io+mjo+m,ai(,+„ = 0, where 
m G {0, 1, . . . , mo - 1}, imply that Hi^j^ = ... = = 0. 

In both cases we have Kj^^^ =0. □ 

Proposition 11.121 gives a description of the subgroup Ext^* (£2, jCi) 
of Ext£*(£25 ^i)- In particular, working modulo this subgroup we can 
describe the extensions in the whole category C* via the systems of 
factors {vj \ j G Z/s} such that the elements vj = X^i 1 7«it'"*^i^'' satisfy 
the normalization conditions (CI) and 

(C3) the coefficients •-yijt = if t ^ di. 

Proposition 1.13. Suppose the system of factors {vj \j G Z/s} sat- 
isfies the conditions (CI) and (C3). Then it determines an element 
C = (L, F{L), ip, N) of the group Extc* {C2, Ci) if and only if the coef- 
ficients 'jijk G k satisfy the following conditions: 



(1.2) 




It will be sufficient to prove that all = 0. 
Suppose «i, ji G Z/s. 

Choose the indices io,jo and mo ^ 1 such that 
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a) if t = hi — 1 and either bj = p — 1 or di = then 'jijt = 0; 

b) Jijt = Oift<di-l; 

c) if t = di — 1 and there is an tuq G N such that aj+mo — 1 > bj+mo 
and for all 1 ^ m < rriQ, Sj+m — 1 = ^j+m? then •jijt = 0; 

d) if t = di — 1 and for all m & Z/s, di+m — 1 = ^j+m then jijt = 0. 

Proof Suppose = X]it7iitM*/f^- 

By our assumptions '-fijt = if t ^ di ot t = bj. This immediately 
implies a) (for bj = p—1 use that u^^^lj G F{L) implies that Vj G F{Li) 
should be zero by C(3)). 

Then the relation uN{u''Hj + Vj) G F{L) implies that all jijt = if 
t < di — 1 (use congruence fll.ll) ) and b) is proved. 

Now we can set for all indices i,j, jij := 7jj,ai-i- 

Let Kij G A; be such that N{lj) = ^ • Kij/-"'^WodMPL and suppose 
lij 7^ (this implies that bj ^ di — 1). For m ^ 0, consider the 
relations 

(1.3) N{lj+rn+l) = ^{uN{u''^+"^l,+m + Vj+m))- 

If m = then it implies Kj+ij+i = 7^ (&j — Oj + 1). Suppose that 
there is an mo ^ such that for all 1 ^ m < mo, Oj+m — 1 = &j+m and 
Qi+mo ~ 1 7^ bj+mo- Then (11.31) together with congruence (11.11) (where 
j is replaced by j + m) imply that for 1 ^ m < mo, 

l^i+m+l,j+m+l = l^\+rn,j+m = Ti'j (bj — + 1). 

In particular, A^(/j_|_mo)niodMPL contains if^^o with the coefficient 
7^- °(6j — fij + l). Therefore, MA^(u''^+'"oZj+mo +'^i+mo)niodM^L contains 
if+mo with the coefficient M^-'+'"o+i'y^. " (h^ — + 1). But this monomial 
must belong to F{Li). This proves that &j+mo + 1 > ca+mo- 

Finally, suppose that for all m ^ 1, Oj+m — 1 = &j+m- Then — 1 = 
Ci+s - 1 = = bj and 7ij = 7i,j,a,-i = 7i,j,6^ =0. □ 

Definition. A pair {io,jo) G (Zi/s)^ is (ri, r2)sr admissible if: 

• ^jo 7^ P - 1 and dig ^ 0; 

• «io - 1 ^ ^jo; 

• there is an mo = ?tio(«05 jo) £ N such that fljo+mo — 1 < ^jo+mo and 
for 1 ^ m < mo, ai„+„ - 1 = 6jo+m- 

Definition. A pair (io)Jo) ^ {'^/^Y is (ri, r2)sp-admissible if io = 
and for all m G Z/s, — 1 = bj^^m- 

Proposition 1.14. a) // (io,Jo) an {ri,r2)st-(idmissible pair then 
ri(io) + 1/(P- 1) > r2(jo); 

b) if{0,jo) is an {ri,r2)sp-admissible pair then ri + 1 /{p—1) = r2(jo)- 
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Proof, a) Here for 1 < m < mo, aio+^ + l = bj^+rn and ai^+rno > K^+mo- 
Therefore, 

ri(zo) + l/{p - 1) > ("^o+m + IK" > 

l^Jm^mo m>mo 

The part b) can be obtained similarly. □ 

Proposition 11.131 implies the following statements. 

Proposition 1.15. Suppose {io,jo) ^ (^/-s)^ is {ri,r2)st-(idmissible 
and 7 G fc. Then there is a unique C G Ext^* (£2) -^^i) given by the 
system of factors {vj \ j G Z/s} such that Vj^ = 'yu'^'o~'^l^^^ and Vj = 
if j 7^ jo, and the map N is uniquely determined by the condition: 

• ifj e {jo + 1, • • .,70+^0} then N{lj) = 7P'"(6j -Si + l)/;|^„modMPL 
and, otherwise, N{lj) = Omodw^L. 

Proposition 1.16. Suppose (0,jo) ^ (^Z-^)^ is {r i,r 2) sp- admissible 
and 7 G F^, q = p"*. Then there is a unique C G Ext^* (£2, -^i) given 
by the zero system of factors and the map N is uniquely determined by 
the condition: 

• A^(/j„+rrt) = 7^'"/m^mod('uPL), where m G Z/s. 

Definition. Set Est{io, jo,l) '■= £? if £ is the extension from Proposi- 
tion [LT5] and set Esp{jo,'y) := £ if £ is the extension from Proposition 
[LH 

Proposition 1.17. Modulo the subgroup Ext£*^(£2, £1) any element 
£ G Ext£*(£2,£i) can be obtained uniquely as a sum of the extensions 
Est{i, jy'jij) and Esp{j,'yj) , where resp. {0,j), runs over the set of 

all {r I, r 2) St- admissible, resp. {ri^ r 2) sp- admissible, pairs from (Z/s)^, 
all jij G k and all 7^ G F^. 

Proof. Proceed along the lines from the proof of Proposition I1.12[ □ 

1.5. Standard exact sequences. Suppose £ = (L, F{L), Lp, N) EC*. 
Introduce a cx-linear map (p : L — y L by the correspondence : Z 1— )■ 

Definition. The module £ is etale (resp., connected) if 0modM is 
invertible (resp., nilpotent) on L/uL. 

Denote by £*'^* (resp, £*'^) the full subcategory of £* consisting of 
etale (resp. connected) objects. One can verify the following properties: 

• £ G £*'^* iff any its (strict) simple subquotient is isomorphic to 
£(0); 

• £ G £*'^ iff any its (strict) simple subquotient is isomorphic to 
£(r), where r G [0, l]p \ {0}. 
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Proposition 1.18. Any £ E £* contains a unique maximal etale sub- 
object i*^*) and a unique maximal connected quotient object {C'^,j'^) 

and the sequence — > JC — >■ JC — > CJ^ — > is short exact. 

Proof. Use that for any r e [0, l]p \ {0}, it liolds Hom£.(£(0), £(r)) = 
Ext£*(>C(0),>C(r)) = 0. □ 

Suppose jC = {L,F{L),(p,N) G C*. Then (p{F{L)) is a cr(Wi)- 
module and L — ip{F{L)) <Sia{Wi) ^i- I ^ L and for ^ i < p, 
G F{L) are such that / = j2o^i<pV{^^'^) ® then set V{1) = /(°). 
Then Vmodu is a cr~^-linear endomorphism of the /c- vector space L/u. 

Definition. The module C is multiplicative (resp., unipotent) if y modii 
is invertible (resp., nilpotent) on L/uL. 

Denote by (resp, £*") the full subcategory of £* consisting of 
multiplicative (resp. unipotent) objects. One can verify the following 
properties: 

• £ G £*"* iff any its simple subquotient is isomorphic to £(1); 

• £ G £*" iff any its simple subquotient is isomorphic to £(r), where 
rG[0,l]p\{l}. 

Proposition 1.19. Any C E C* contains a unique maximal multiplica- 
tive quotient object (£*", j™) and a unique maximal unipotent subobject 

(£", i") and the sequence — > £" — > £ — > £*" — > is short exact. 

Proof. Use that for any r G [0, l]p \ {1}, it holds Hom£*(£(r), £(1)) = 
Ext£*(£(r),£(l)) = 0. □ 
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2. The functor CV* : C* — > CMF p 

2.1. ri?-module TZ^^ e C . Let — be Fontaine's ring; it 

n 

has a natural structure of /c-algebra via the map k — > R given by 
a I—)- ^im([o"^"a]modp), where for any 76/0, [7] G C O is the 

Teichmiillcr representative of 7. 

Choose = (xq"-' modp)„j.o G i? and e = {e^"'^modp)n^o such that 
for all n ^ 0, = xj^^ and £("+i)f = with 4°^ = -p, = 1 

but £(1) ^ 1. Set = . 

Let Y be an indeterminate. 

Denote by R^{Y) the divided power envelope of -R^fF] with respect 
to the ideal {¥). If for j ^ 0, jjiY) is the j-th divided power of Y then 
rO{y) = ®j^oR%{Y). Denote by its completion Uj^oR^i^) 
and set, FiFi?°j = Ylj^i^^ljO^)- Define the cr-hnear morphism of the 
i?-algebra R^{Y) by the correspondence Y i-> x^Y. We shall denote it 
below by the same symbol a. 

Introduce a Wi-module structure on R^^ by the /c-algebra morphism 
Wi — > R% such that u ^ l{u) := Xoexp(-F). Set = 
So^i<p^o~^~'-^°7»(^) + FiFit!°(. Define the continuous cr-hnear mor- 
phism of i?'^-modules cp : F{R^^) — > R^^ by setting for ^ i < 
^{xl'-\{Y)) = 7,(r)(l - it/2)xlY), and for t > p, <f{i.{Y)) = 0. 
One can easily see that for any a e R^^ and 6 e (^(a6) = 

Let A?" be a unique i?-differentiation of R% such that A'"(y) = 1. 

Proposition 2.1. a) is a a-linear morphism of Wi-modules; 

b) /or an?/ b e R% and w e Wi, N{wb) = N{w)b + wN{b); 

c) for any I e F(i?oj, uN{l) e F{R%) and N{ip{l)) = (^(ii7V(Z)). 

Proof, a) Use that the multiplication by (j{u) = uP comes as the mul- 
tiplication by L{ti)'P = Xq = ,Tq cxp(— XqF) = a{b{u)). 

b) Use that N{l{u)) = -l{u). 

c) It will be enough to check the identity for / = a;o~^~*7i(V) with 
l^i<p. Then A^((/?(Z)) =7i_i(y)(l-(l/2)(i + l)x^y). On the other 
hand, uN(l) — x^~^~^^~^^^i_i(Y) exp(—Y) and ip(uN(l)) is equal to 

7._i(F)(l-(l/2)(z-l)a;^r)exp(-a;^F)=7,-i(r)(l-(l/2)(.+l)a;Sr). 

□ 

Corollary 2.2. Te", := {R% F{R%),^, N) e C 

2.2. The functor V*. If £ = {L, F{L),(p, N) e Z* then the triple 

— 

{L, F{L),ip) is an object of Cq which will be denoted below by the 
same symbol C 
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Definition. Let 7^° = {R^ , F (R^) , (p) E £^q, where the Wi-module 
structure on i?° is given via u ^ Xq, = x^^^R^ and for any r G 

F(i?°), ip{r) = (f/a;o~^)^nioda;o^ with r E R such that fmodxg^ = r. 

For any C — {L,F{L),(p,N) e £*, consider the abehan group 
W{C) = Hom2*(£,7^°J. If / e and i ^ 0, introduce the k- 

hnear morphisms : L — )■ such that for any / G L, /(Z) = 
Eoo/i(07i(>^)- Then /o G W^o(/>) := Hom2;(£, 7^0) and the corre- 
spondence / i— > /o gives the homomorphism of abehan groups prp : 
W{C) WoiC). 

Proposition 2.3. prp is isomorphism. 

Proof. Suppose / G Kerprg. Then for aU i ^ and / G L, fi{l) = 
/o(iV^(0)) = 0, i.e. / = 0. 

Suppose g G Hom^* (£, 7?.°). This means that g : L — y i?° is cr-hnear 
morphism of Wi-modules, g{F{L)) C and for any I G F{L), 

g{m = mi<-'Y- 

Set for any / G L, f{l) = g{l) + g{Nl)^^{Y) + ■ ■ . + g{NHMY) + .... 
Clearly, for any / G L, f{N{l)) = N{f{l)) and our Proposition is 
implied by the following Lemma. □ 

Lemma 2.4. a) for any I G L, f{ul) = exp(— 
b) for any I G F{L)), if{f{l)) = f{^{l)); 

Proof of Lemma, a) For any I G L, f{ul) — Yli^o9i.^\'^^))liO^) — 



xo^(-iy^(Ar^07.(i")7.(n = xoexp(-y)/(0. 



b) Let i G L. Prove by induction on i ^ 1 that 
This implies that 



Therefore, /((^(O) is equal to Ei>o^(^'(</'(0)7i(>^) = 



E(4S)7^.(>')-^*«(y))^.(/(0). 



□ 



Corollary 2.5. a) IfTkn>,L = s t/ien = p^■ 

b) ^/le correspondence C i-> induces exact functor from C* to 

the category of abelian groups. 
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Proof, a) Proceed as in [HE]. Suppose the structure of the filtered 
(^-module £ is given by a choice of a Wi-basis mi, . . . ,171^ of F{L) 
and a non-degenerate matrix A G Ms(>Vi) such that (mi, . . . ,ms) = 
{(p{mi), . . . , ip{ms)A. Let X = {Xi, . . . , Xs) be a vector with s inde- 
pendent variables. Let i?o = Fraci?. Consider the quotient Ac of the 
polynomial ring -Ro[-^] by the ideal generated by the coordinates of 
the vector {XAy — Xq^^ ^^X. Then Ac is etale i?o-algebra of rank 
(use that {uP^^Is)A^^ G Ms(Wi)) and all its -Ro-points give rise to the 
elements of Wo{C). 

b) This follows from a) because the functor C Wo{C) is left exact. 

□ 

Introduce the ideal J° = Eo^i<p^r^~'7i(^) + Fil^^st of The 
quotient R^t/ is provided with a continuous Fir-action as follows. 

For any r G Fir, let fc(r) G Z be such that t{xo) = e'^^'^^Xq and 

let log(l + X) = X - XV2 + XP-^/{p - 1) be the truncated 

logarithm. Then the cocycle relation ^^('^^^(rie)^*^'^'' = e^'^'^^'^\ where 
ri,r G Vp, implies the cocycle relation 

fc(ri)log£: + A;(r)log(ri(£:)) = /c(rir)log£: moda;Q ^'■^ ^\ 

(Use that log : (1 + Fp[[X,F]])^ — > Fp[[X,F]]mod deg p is group 
homomorphism and e = lmoda;o^^^ Then we extend the natural 
FiT-action on to R%/J° by setting for r G Fi^^, t{Y) := F + A;(r)loge. 

Proposition 2.6. a) The projection R^f- — > R^f-/J^ induces the em- 
bedding Lc '■ W{C) — > Hom£5(£, 7?.°(/J°), where 71^^/ Jq denotes the 
Wi-module R'^^/J^ with the structure of an object of the category 
induced by the natural projection from 71^^; 

b) if g e Lc{W{C)), T eVp and T*{g) G Hom£*(£, 7^°i/J°) is such 
that for any I G L, T*{g){l) = T{g{l)), then T*{g) G Lc{W{C)). 

Proof. Part a) follows because if is zero on J°. 

For part b), suppose that our filtered (/^-module C is given in terms 
of vectors rh, I = {ip[mi), . . . , ip{ms)) and matrix A from the proof of 
Corollary l2.5[ Notice that Xq exp(— F) = xoexp(— y)mod J°, where exp 
is the truncated exponential. Therefore, the elements / G W{C) can 
be uniquely characterized by the cogruences ip{f{fh)) = /(Z)modJ° 
and /(m) = f{l)AmodJ^. Thus our Proposition is implied by the 
following Lemma. □ 

Lemma 2.7. exp(-r) mod J° G {R^/J'^)^^. 

Proof. We must prove that for any m G Z, 

Xq £™exp(— y) = Xq exp(— y + m loge) mod J°. 
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Following the coefficients for 7jQ(F), ^ < p, reduce this to proving 
of the congruence 

(2.1) £™= J2 ljimhg£)^odxf°^ 

where n{io) ^ p — io. Notice that 

is congruent modulo X^~^° to the {p — io — l)-th partial sum of the 
formal series (1 + X)"" = exp(mlog(l + X)). So, (1 + X)"" - Pi^ 
belongs to X^~*''Zp[[X]]. This implies that congruence (12.11) holds with 

^(^o) = {p ^ io)p/{p ~ 1) > P ~ "^0 because e = lmod(xQ^''^~^''). □ 

Definition. The F^^-module V*(£) is the abelian group W{C) with the 
action of Tp defined via the embedding lc- Then V* : C* — > MT p is 
the functor induced by the correspondence £ (-> V*{C), where C E C*. 

For future references point out the following characterization of the 
Fi?-modules V*(£) with C G £*, which comes from the identification 
Rom^* {C,n^) = Hom2*(/:,7^°J of Proposition 1231 

Corollary 2.8. 

V*{C) = I Yl iV«(/o)7i(nmod J° I /o G Hom2;(/:,7^°) I 

' — ^ n 1 ' — ^ 

We also can use TZ = {R/xqIRr, Xq~ R/xqIRr, if ) G £o; where ip{r) = 
{r/xl~^Y, and the ideal J° = Eo^i<p ^o~'mi?7i(F) + FiFi?^^ to state 
the following analogue of the above Corollary. 

Corollary 2.9. 

V*{C) = 1 J2 N*\foMY)mod? I /o G Hom^.(£,^°) I 

Remark. If £ G £*" then in the above Corollary we can replace 
and J° by, respectively, TZ^ = {R/ Xq, x^~^ R/ Xq, if) G £.0 ^'^'^ ideal 
> = Eo^.<P^^r7.(>^) + FiFi?°, 



2.3. The category CMF p and the functor CV*. 

Definition. The objects of the category CMF^ are the triples H = 
[H,H^,j), where H,H^ are finite Zp[Fp']-modules, Tp acts trivially 
on and j : H — > Hq is an epimorphic map of Zp[Fp']-modules. 
If Ki = {Hi,H°,ji) G CMF p then HomcMr^(^i, H) consists of the 
couples (/, f^), where / : Hi — > H and /° : — > are morphisms 
of Fp-modules such that = fj. 
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The category CMT^ is pre-abelian, cf. Appendix [Xj and its objects 
have a natural group structure. In particular, with notation from the 
above definition, Ker(/, Z*^) = (Ker/, ji(Ker/)) together with natural 
embedding to "Hi. Similarly, Coker(/, /O) = {H/ f{Hi), Hyj{f{Hi))). 
For example, the map (id, 0) : {H, H) — y {H, 0) has the trivial kernel 
and cokernel. In addition, the monomorphism : Hi — > % 

is strict if and only if /i(Kerji) = /i(i^i) H Keri. Suppose 7^2 = 
{H2, H2, j2) and (/2,/2) : 'H — ^ is an epimorphism. Then it is 
strict if and only if induces an epimorphic map of Kerj to Ker j2- 
We can use the formalism of short exact sequenes and the corresponding 
6-term HomcMT^ — Ext cMF p exact sequences, cf. Appendix \^ 

Definition. Suppose C ^ C* and z^* : C^^ — > C is the embedding of 
the maximal etale subobject. Then CV* : C* — > CMT p is the functor 
such that CV*iC) = (V*(£), V*(/:"*), V*(2^*)). 

The simple objects in CMT^ are of the form either {H, 0, 0), where 
if is a simple Zp[ri?]-module, or (Fp, Fp, id), where Fp is provided with 
the trivial F^-action. In this context it will be very convenient to use 
the following formalism. 

For s G N, introduce the continuous characters Xs '■ — > k* 
such that for r G Tp, = (Ta;^)/^^ modxg, where G -R is such 

that x^"'^ = xq. If X is any continuous character of F^? then there are 
s,m eN such that < m ^ — 1 and x = xT- ^^t r(x) = m/ (p* — 1). 
Then r(x) depends only on x and the correspondence x ^ '^(x) gives 
a bijection of the set of all continuous characters of F^ (with the values 
in k*) and [0, l]p \ {0}. 

For r G [0, l]p, r 7^ 0, introduce the F^r-module F(r) such that 
F(r) = Fps(r), where s(r) is the period of the p-digit expansion of r, 
cf. Subsection 11.21 with the Fp^-action given by the character x such 
that r{x) = r. We have: 

— all F(r) are simple Zp[Fi?]-modules; 

— FiT-modules F(ri) and F(r2) are isomorphic if and only if there is 
an n G Z such that ri = r2(n); 

— any simple Zp[F^]-module is isomorphic to some F(r). 

It will be natural to set J^{r) := (F(r), 0, 0) for all r G (0, l]p, and to 
set separately J^(0) := (Fp,Fp,id). 

With above notation we have the following property, where the ob- 
jects £(r) were introduced in Subsection 11.31 

Proposition 2.10. For any r G [0, l]p, CV*(£(r)) = J'(r). 

2.4. A criterion. Suppose £1,^2 are given in notation of Subsection 
11.41 and q = p'^. Then for i = 1,2, V*{£i) = Vi are 1-dimensional vector 
spaces over Fg with Fi?-action given by the character Xi '■ — > k* 
such that r{xi) = ^i. (Note that (g — l)rj G Z and, therefore, Xi(XF) C 
F*.) Choose VTs G -F such that tt'^^^ = —p. Then Fs = F{7Ts) is a tamely 



VARIETIES WITH BAD REDUCTION AT 3 ONLY 



23 



ramified extension of F of degree q — 1 and all points of Vi are defined 
over F,. We can identify Vi with the Fp[rF]-module F^tt^''"^^''' C 0/pO, 
where Tf^ = it g mod p. These identifications allow us to fix the points 
/iO := Tri'^-i)'^' e Vi and we have V = | a G FJ. 
Suppose hi ^ Vi. Define the homomorphism 

F,, : ExtF^[r,](^i,^2) Z\TF,,¥g) = Rom{TF^,¥g), 

where Tp, = Gal(F/F,), as follows. If V" e ExtF,[r^](V^i, V2) and h e V 
is a lift of hi then Fh^^iV) = {a^ G F^ | r G F^?^} such that rh—h = a^-Zi^. 
Obviously, we have the following criterion. 

Proposition 2.11. V is the trivial extension if and only if for all 
hieVi, it holds Fh,{V) = 0. 

2.5. Galois modules V*{Ecr{io, jo,'y))- Suppose we have an object 
£ = (L, F{L), {p, N) of the category Then there is a special (t(Wi)- 
basis li, ... Js of ip{F{L)) such that for some integers ^ Ci, . . . , < p 
and a matrix A G GLs(A;), the elements u'^^h, . . . , u'^'h form a Wi-basis 
of F{L) and 

For 1 ^ z ^ s, set Ci = (p — 1) — Cj. The following Proposition is a 
special case of Corollary 12.91 

Proposition 2.12. With above notation, V*{C) is the ¥p[rF]-module 
of all (6*1, ... , 9s) modxom/j G {R/xQmfiY such that 

{ei/xf\...,e^jxt) = {ei,...,eM- 

Remark. In [H [2] it was proved that the category of Fp[Fi?]-modules 
V*(£), where C G coincides with the category of all killed by p sub- 
quotients of crystalline representations of Fi? with weights from [0,p). 
This result also reappears in Subsection HI where we establish that the 
category of Fp[Fir]-modules V*(£), where C E C*, coincides with the 
category of all killed by p subquotients of semi-stable representations 
of Fi? with weights from [0,p). 

For an (ri, r2)cr-admissible pair (^o, jo) ^ C^/^Y and 7 G A;, use the 
description of Ecr{io, jo,'y) from Subsection 11.41 Then by Corollary 
12. 9[ V = V*{Ecr{io,jo,'l)) is identified with the additive group of all 
solutions in R of the following system of equations 

Xp/xr = ^i+i, foralHGZ/s; 

Xj/xf^ = X^^i-6j,,YX^i, foralljGZ/s 

Note that the first group of equations describes Vi = V*{Ci) and the 
correspondences X^^^ and Xj xj^'' with i,j G Z/s, define the 
map V — )■ V2, where V2 = V*(£2) is associated with all solutions 
in R of the equations X^'^^^/xq^^ = xj^\, j G Z/s. As it was noted 
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in Subsection \2.2\ the correspondent T ^r-action on V, Vi and V2 comes 
from the natural Fj^-action on R/x^mji. 

Take Xg E R such that x1~^ = Xq and Xg vr^modp under the 
natural identification R/xq ~ 0/pO. (This identification is given by 
the correspondence r = Hm(r„modp) 1— )■ r*^^^ := limr^,^.) For i,j G 

n 

Z/s, set Xq^*-*-* := ^i'^"^''''^^'^ and Xq^^-'^ := xi'^""^''^^*''''^ and introduce the 
variables zf^ = x/'^^^^^xf), Z,- = x/'^^^^'^X,-, zj'^ = Xo"""^'^'^ . 
Then the elements of V appear as the solutions in Rq := Frac(-R) of 
the following system of equations 



= Zll\, foralHGZ/s; 

Zj = Zj+i, for all j ^ jo + 1; 

Note that for the points G Vi and E V2 chosen in Subsection 

it holds Zf ^/i?) = zPihl) = 1, where i G Z/s. 
Suppose a G Fq and hi = ah\ G Vi. 

Let J-'s = A;((xs)) C -Rq = Fraci?. Then the field-of-norms functor 
gives a natural embedding of the absolute Galois group Fj-^ of J^s into 
FiT'^, where Fs = F{7Ts). Then the restriction Fhj^(y)\rjr^ of the cocycle 

Fh.iV) = {ArA^o,jon) e¥,\re F^J 



from Subsection 12.41 can be described as follows. 

Let U e Rohe such that U - = -fxl'^'°^~''^'^^°\ Then for any 
r G Fj-^, a^°(v4^,„(zo, jo,7)) = o-'"(a)(r(f/) - U) and therefore 

^.,a(^o, Jo,7) = a*°-^"(«)a-^«(rt/ - U). 

The following Lemma is an immediate consequence of the definition of 
(ri, r2)cr-admissible pairs. 

Lemma 2.13. With above notation let C = —{q — l)(ri(io) — T2(jo))- 
Then C is a prime to p integer and 1 ^ C ^ g — 1. 

2.6. Galois modules V*{Est{io, jo, l))- For an (ri, r2)sradmissible pair 
(^o,jo) £ i'^/sY and 7 G fc, use the description of Egtiio, joyj) from 
Subsection 11.41 

By Subsection 12. 2[ V = V*{Est{io,jo,l)) is identified (as an abelian 
group) with the solutions (^{xf ^ | i G Z/s}, {Xj \ j G Z/s}j G R"^' of 
the following system of equations 

Xp/xr = foralHGZ/.; 

^ ■ ^ ^J/^^'^ + 5..o7^<'^7^r"^' = ^.+1, for all J G Z/. 

The structure of V as an element of Extp^ir^] (Vi, V2) can be described 
along the lines of Subsection 12.51 The action of F^r on V comes from 
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the natural FjT'-actiorL on 7^°^, and the embedding of V into (-Rst)^'^ 
given by the following correspondences: 

— if z G Z/s then xf ^ xf ^ modxo^; 

— if J ^ {jo + 1, • • • , Jo + "^o} then Xj ^ Xj mod Xg^; 

— for 1 ^ m < mo, Xj„+m ^ Xj^-^+^rn+l^"" {hjo-K^+^)x[l\rrX vcvodx^^ . 
Similarly to Subsection 12.51 introduce the new variables by the re- 

lations = Xo^''^^*^xf\ = x/^^^^^X, and zf^ = x^"'''^'^ xf\ 
i ^Jjj and rewrite system of equations (12.21) in the following form: 

Zf^^ = Zi+i, for all i E Z/s; 

Zj = Zj+i, for all j 7^ jo + 1; 

If a G Fg and /ii = a/i^ G Fi, then the restriction to Yj^ of the 
CO cycle 

can be described as follows. Let f/ G -Ro be such that 

Then for any r G Tj-,, a^°{Ar,a{io, jo,l)) = or^«(«)(rf/ - U). Thus 

The following Lemma is a direct consequence of the definition of 
(ri, r2)sr admissible pairs, cf. also Proposition 11.141 

Lemma 2.14. Let C = —{q — l)(ri(io) — i^2{jo) — !)■ Then C is a 
prime to p integer such that 1 ^ C < (g — 1)(1 + l/(p — 1)). 



2.7. Galois modules Esp{jo, 7)- In this subsection (0, jo) is an {ri,r2)sp- 
admissible pair (i.e. ri + l/(p — 1) = 'ro(jo)) and 7 G F^. Then 
V = V*(-E'sp(jo, 7)) is identified as an abelian group with the solutions 

({Xf ) h G ZM, {Xf I J G ZM) G 
of the following system of equations 

Xf^7xr = x£\,foralHGZ/s, 
Xf7x?^- = xj5i,foralljGZ/s. 

The corresponding Fi^-action comes from the natural Fir-action on TZ^^ 
and the embedding of V into (-R°J^'^ given by the following correspon- 
dences: 

— if z G Z/s then xf ^ ^ xf ^ modxg^; 

— if m G Z/s then xj^'|„ ^ xj^'|„ + 7f'"xi'V moda;^^ 
If a G Fq and hi = ah\ G Vi then the cocycle 

F,,(V) = {A;^(jo,7) ItGF^J 
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can be described as follows. Note that the point hi corresponds to the 
collection {{a'ia)xl''^'^ \ % G TLj s),{a'-^^[ai)x''^^^'~''^Y \ % G Z/s}). 
Then for r G F^^, t(/ii) corresponds to the collection 

[{a\a)x''^^^'^ I % G Z/s},{(T'-^«(a7)sr^'"^"HF + A;(r)k^£) | % G Z/s}). 

Therefore, t(/ii) — /ii corresponds to the collection 

({ h G Z/s}, {a^^^«(a7)xr^'^A;(r) | z G Z/s}), 

which corresponds to (j~-'°(a7)/i2- Therefore, A^^Jyj^^^^ = a^^"{a'-f)k{T). 
Notice that for any r G Tj-^ C Tp,, A'P^{jo,-f) = 0. 

2.8. Fully faithfulness of CV*. 

In this subsection we prove the following important property. 

Proposition 2.15. The functor CV* is fully faithful. 

Proof. We must prove that for all Ci, C2 ^ £l* , the functor CV* induces 
a bijective map 

U{Ci,C2) ■■ Hom^.(£2, A) HomcMr,(CV*(£i),CV*(£2)). 

By induction on lengths of composition series for Ci and £2 it will 
be sufficient to verify that for any two simple objects £1 and £2- 

• n(£i,£2) is bijective; 

• the functor CV* induces an injective map 

En(£i,£2) : Ext^.(£2,£i) ^ ExtcMr^(CV*(£i),CV*(£2)). 

The first fact has been already checked in Subsection 12.31 
In order to verify the second property, notice that for any two objects 
£1, £2 € £*, the natural map 

ExtcMr,(CV*(£i),CV*(£2)) ExtMr,(V*(£i)), V*(£2)) 

is injective. Therefore, we can prove the injectivity of En(£i,£2) on 
the level of functor V*. In addition, for ni,n2 G N, Ext^. (£2', £r) = 
Ext£* (£2, £1)"^"^ (the formation of Ext is compatible with direct sums). 
Therefore, we can assume that £i,£2 are products of copies of simple 
objects introduced in Subsection 12.31 

By Propositions II. I2I and II. 17] any element of Ext£* (£2, £1) appears 
as a sum of standard extensions of the form Ecr{i, jj'jij), Est{i, jj'jij) 
and Esp{j,Y/)y where (i,j) is either (ri, r2)c-r-admissible or {ri,r2)st- 
admissible, all ■jij E k, j E Z/ s is such that (0, j) is (ri, r2)sp-admissible 
and ^ ^g- (Note that = (0,j) can be (ri, r2)cr-admissible 

and (ri, r2)sp-admissible at the same time.) By results of Subsec- 
tions we can attach to these standard extensions the 1-cocycles 
^T,a{h and A^^P^{j,Y/), where r ETp^. It remains to prove that 
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the sum of these cocycles is trivial only if all corresponding coefficients 
7ij and are equal to 0. 

First, we need the following lemma. 

Lemma 2.16. Suppose for all G (Z/s)^, the elements Uij G -Rq = 
Fraci? are such that Uij — Ufj = 'jijXs '\ where all 'jij G k and all 
Cij are prime to p natural numbers. For r G Tjr^, let Br{i, j^'^ij) = 
T{Uij) — Uij G ¥q. If for all a; G Fg and all t G Fjt^, 

(2.3) E ^^"'■(«)^"'i^r(^,J,7..) = 

then all •jij = 0. 

Proof of Lemma. For different prime to p natural numbers Cij the ex- 
tensions J^s{Uij) behave independently. Therefore, we can assume that 
all Cij = C are the same. 

Let jo = Jo(j) be such that ^ Jq < s and jo = — jmods. Then 
(12. 3p means that for any a G F^, 

B^ := E cT'-'{a)a''{U.,)eTs. 

i,j€l/s 

Then 



-J 



Looking at the Laurent series of Ba G J^s we conclude that all B^ G F^. 
This means that for all j & Z/s and a G F^, Xliez/s ^*('-'^)7«i ~ ^ said, 
therefore, all jij = 0. The lemma is proved □ 

Now suppose that for all a G Fg and r G Tp^, the sum of cocycles 
^T,a(^, j, lij) and A^^Q,(j, 7^^) is zero. Restrict this sum to the subgroup 
Fjr^ . Then all sp-terms will disappear and by above Lemma 12.161 all 
7ij = 0. So, for all r G Fi?^ and a G F^, J2jez/s '^~"' (o^7j^) = 0, and this 
implies that all 7^^ = 0. □ 

Corollary 2.17. The functor V* is fully faithful on the subcategories 
of unipotent objects £*" and of connected objects C*^. 

Proof. Indeed, on both categories the map n(£i, £2) is already bijective 
on the level of functor V*. □ 

2.9. Ramification estimates. Suppose C E C* and H = V*{C). For 

any rational number f ^ 0, denote by F^'' the ramification subgroup 
of Tp in upper numbering. 



Proposition 2.18. If v > 2 — - then Tp acts trivially on H. 
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A proof can be obtained along the lines of the paper ^13j (which 
adjusts Fontaine's approach from [ID])- Alternatively, one can apply 
author's method from [3j: if r G T^""^ with v > 2 — l/p then there 
is an automorphism ip oi R such that tp^xo) = t(xo) and ip induces 
the trivial action on H; therefore we can assume that r comes from the 
absolute Galois group of k{{xo)) and the characteristic p approach from 
[5] gives the ramification estimate which coincides with the required by 
the theory of field-of-norms. 

Corollary 2.19. // F is the common field- of- definition of points of 
WplTpj-modules V(£) for all C G C* , then Vp{V{F/F)) < 3 - where 

V{F/F) is the different of the field extension F/F. 
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3. SeMISTABLE REPRESENTATIONS WITH WEIGHTS FROM [0,p) 
AND FILTERED W-MODULES 

3.1. The ring S. Let v = u + p E W and let 5* be the p-adic closure 
of the divided power envelope of W with respect to the ideal generated 
by V. Use the same symbols a and for natural continuous extensions 
of a and from W to S. For i ^ 0, denote by FiTS the i-th divided 
power of the ideal (v) in S. Then for ^ i < p, there are cx-linear 
morphisms (pi = a/p^ : FirS* — )■ S. Note that (po = a and agree to use 
the notation (f for 0p-i. One can see also that S is the p-adic closure of 
W{k)[vo,Vi, . . . ,Vn, ■ ■ ■], where Vq = v and for all n ^ 0, f^+i/p = Vn- 
Consider the ideals m^ = {p,v,Vi, . . . ,Vn, ■ ■ ■), I = {p,Vi,V2, ■ ■ ■) 
and J = {p, Viv, V2, ■ ■ ■ ,Vn, ■ ■ ■) of S. Then 

— m^ is the maximal ideal in S; 

— / = FiFS + pSD J; 

— ip{I) C S and (p{J) C pS; 

— ip{vP~^) = 1 — fi(mod J) and (p{vi) = l(mod J). 



3.2. The ring of semi-stable periods A^j. Let R be Fontaine's ring 
and let Xo,e E R be the elements chosen in Subsection 12.11 

Denote by Acr the Fontaine crystalline ring. It is the p-adic closure of 
the divided power envelope of W{R) with respect to the ideal ([xq] +p) 
of W{R), where [xo] G W{R) is the Teichmiiller representative of xq. 
Then for i ^ 0, Filler is the i-th divided power of the ideal ([xq] + p) 
in Acr- Denote by a : Acr — > Acr the natural morphism induced by 
the p-th power on R. Then for ^ i < p, there are a-linear maps 
(pi = (J /p^ : FilMcr — > Acr- We shall often use the simpler notation 
V9 = (pp-i and F{Acr) = FW~^Acr- Notice that Acr is provided with 
the natural continuous FjT'-action. 

Let X be an indeterminate. Then A^t is the p-adic closure of the ring 
Acr[li{X) h ^ 0] C Acr[X] Qp, where for all i ^ 0, ^i{X) = X'/il. 
The ring Agt has the following additional structures: 

• the S-module structure given by the natural iy(/c)-algebra struc- 
ture and the correspondence u i— )■ [xo]/(l + X); 

• the ring endomorphism a, which is the extension of the above 
defined endomorphism a of Acr via the condition cr{X) = (1 +Xy — 1; 

• the continuous Acrys-derivation : Agt — > Ast such that N{X) = 
X + l; 

• for any i ^ 0, the ideal FiPAgt, which is the closure of the ideal 

(FifM,,)7..(X); 

• the action of Tp, which is the extension of the F^^-action on Acr 
such that for all r G F^., r(X) = [e]''^^\X + 1) - 1. Here all A;(r) G Zp 
are such that r(xo) = e'^^'^^Xq- 
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Note that for ^ m < p, a(FiV^Ast) C p^Agt and, as earher, we can 
set cj)m = P'^ctIfii^a introduce the simpler notation ip = (pp-i 

and F{A,t) = FiP-^iL. 

3.3. Construction of semi-stable representations of Fi? with 
weights from [0,p). For ^ m < p, consider the category Sm 
of quadruples M = (M, FiPM, 0^, A^), where FiPM C M are ^- 
modules, 0^ : Fil^M — > M is a cr-linear map and : M — > M 
is a iy(fc)-linear endomorphism such that for any s G S* and m G M, 
N{sx) = N{s)x + sN{x) The morphisms of the category Sm are S- 
linear morphisms of filtered modules commuting with the correspond- 
ing morphisms (pm and A^. Notice that for ^ m < p, Ast has a natural 
structure of the object of the category Sm- As earlier, we shall use the 
simpler notation (p = 0p_i and F[M) = FiF~^M. 

For ^ m < p, the Breuil category Sm of strongly divisible S- 
modules of weight ^ m is a full subcategory of Sm consisting of the 
objects M = (M, FiPM, 0^, N) such that 

(1) M is a free S'-module of finite rank; 

(2) {FirS)M C FiPM; 

(3) (FiP M) npM = pFiPM; 

(4) 0„(FiPM) spans M over S; 

(5) Nc^m = pKN] 

(6) {YiVS)N{YirM) C FiPM 

For M. G iSm, let T*^{M.) be the Fi?- module of all S'-linear and com- 
muting with corresponding morphisms 0m, and A^, maps / : M — )■ A^t 
such that /(Fil^M) C Fil"'y4st. Then one has the following two basic 
facts: 

• Tg*(A^) is a continuous Zp[Fi7]-module without p-torsion, its Zp- 
rank equals rk 5M, and V*^_{M) = T*^{M) ®Zp Qp is semi-stable F^- 
module with Hodge- Tate weights from [0,m]; 

• any semi-stable representation of F^? with Hodge- Tate weights from 
[0,m], ^ m < p, appears in the form \^*(A^) for a suitable Ai G Sm- 

By Theorem 1.3 [B] these facts follow from the existence of strongly 
divisible lattices in S ®v\; F-modules associated with weakly admissible 
(00, A^)-modules with filtration of length m. Breuil proved this for all 
m ^ p — 2 but his method can be easily extended to cover the case 
m = p — 1 as well, cf. also 
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3.4. The category CJ . In this section we introduce W-analogues of 
Breuil's S'-modules from the category S^-\ and prove that they can be 
also used to construct semi-stable representations of Fi? with Hodge- 
Tate weights from [0,p). 

Definition. Let L be the category of £ = (L, F{L\ ip, Ns), where L D 
F{L) are W-modules, ip : F{L) — L is a a-linear morphism of W- 
modules and A^^ : L — )■ Ls '■= L (g)w •S' is such that for all w eW and 
le L, Ns{wl) = N{w)l + {w^ l)Ns{l). For Ci = (Li, p, Ns) G 

£, the morphisms Hom2(£, £i) are W-linear / : L — > Li such that 
/(F(L)) C F(Li), fp =>/ and fNs = Ns{f ® 1). 

Let Ast = {Ast,F{Ast),ip,Ns), where Ng = N ® 1. Then Ast is an 
object of the category C. 

Suppose C = {L, F{L), p, Ns) G Z. 

Set Ls := L ®w S, F{Ls) = {F{L) ® 1)5 + (L ® l)FiFS, and ps ■ 
F{Ls) — > F{Ls) is a unique cr-linear map such that ps\F(L)m = v^® 1 
andfor any s e FiF5 and / G L, psil^s) = {lp{vP-^1)01)p{s)/lp{vP~^). 

Definition. Denote by £/ the full subcategory in C consisting of the 
quadruples £ = {L,F{L),{p,Ns) such that 

• L is a free W-module of finite rank; 

• vP-^L C F{L)npL = pF{L) and L = p{F{L)) ®^vv W; 

• for any / G vNsil) G F{Ls) and psiyNil)) = cNs{ip{l)), 
where c = 1 + uP/p. 

It can be easily seen that for C = {L, F{L), (p, Ns) G £/ and the 
map N = Ns ®l : Ls — > Ls, the quadruple £5 = (L5, F{Ls), ps-, N) 
is the object of the category Sp-i 

The main result of this Subsection is the following statement. 

Proposition 3.1. For any M. = {M, F{M), p, N) G 5p_i, there is an 
C = (L, F{L), <p, Ns) G £/ such that M = Cs- 

Corollary 3.2. a) If C e £/ and T;^{C) = Hom^(£,i,t) with the 
induced structure of Zp[T F]-module then V*^{C) = T*^{C) ®ip Qp is 
a semi-stable Qp[r pj-module with Hodge-Tate weights from [0,p) and 
dimQ^V*{£) =TkyvL. 

b) For any semi-stable Qp[T p]-module V*^ with Hodge-Tate weights 
from [0,p), there is an C e CJ such that V*^ ~ V*^{L). 

Proof of Proposition \3.1[ Let dhe a. rank of M over S. If L C M is a 
free W-submodule of rank c? in M we say that L is W-structural (with 
respect to M). 

Let F{L) = F{M) n L. 
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Lemma 3.3. If L is W -structural for M then 

a) F{L) D vP~^L; 

b) F{L)npL = pF{L); 

c) F{L) is a free W -module of rank d. 

Proof, a) v'P-^L C (FiP"^5)M n L C F{M) nL = F{L). 

b) F{L)r\pL = LnF{M)npL = F{M)r\pL = F{M)r\pMr\pL = 
pF{M)npL =pF{L). 

c) F{L) has no p-torsion. Therefore, it will be sufficient to prove that 
F{L)/pF{L) is a free /c[[M]]-module of rank d. Consider the following 
natural embeddings of A;[[w]]-modules 

L/pL D F{L)/pF{L) D yP-^L/pyf-^L ~ L/pL 

(Use b) and that pL fl v^'^L = pyP~^L.) It remains to note that L/pL 
is free of rank d over 

The Lemma is proved. □ 

Suppose L is W-structural for M. 

Lemma 3.4. If L is W-structural then (p{F{L)) spans M over S. 

Proof The equality S = W + FiFS implies that M = L + (FiF^)L = 
L + (FiF^)M. Therefore, 

F{M) = F{M) n L + (FiFS')M = F{L) + (FiF5)L 

(use that F{M) D (FiFS')M) and in notation of Subsection 13. H it holds 

F{M) = F{L) + viL + JM. 

This implies that !f{F{L)), if{yiL) and ip{JM) span M over 5*. But 
for any / G L, ^{y^l) = <^{yi)yD{yP-H)/^{yP-^) = (1 - yi)-^<^{yP-H) = 
ip{vP~^l)modmsM . For similar reasons, ip{JM) C pM C m^M. This 
means that ip{F{L)) spans M modulo msM. The lemma is proved. □ 

By above lemma it remains to prove the existence of a W-structural 
L for M such that (p{F{L)) C L. 

Let 00 be a cr-linear endomorphism of the S'-module M G Sp-i such 
that for all me M, (f)o{m) = if{yP-^m)/if{yP''^). Clearly, (j)o{msM) C 
msM and, therefore, it induces a a-linear endomorphism ctq of the 
fc- vector space Mk = M/msM. 

Lemma 3.5. Suppose n G Z^o? L is W-structural and ip{F{L)) C 
L + p^M . Then there is a W-structural V for M such that (f{F{L')) C 
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Proof. Denote by F{L)k the image of F{L) in the /c- vector space 
M/mcjM = L/{ms fl W)L = L^. Let s = dimk F{L)k, then s ^ 
d = dimfcLfc. Choose a W-basis e^^\ . . . , e^'^^ of L and a W-basis 
/W,...,/^'^) of such that 

• for 1 ^ i ^ s, Z*^*^ = e^*^ and for s < i ^ d, f^^^ G fL. 

It will be convenient to use the following vector notation: e = (ei, 62), 
where Ci = (e^^), . . e^")) and 62 = {e^'+^\ e^^)), and / = (/i, /2), 
where A = ei and = . . . , /(<^)). _ 

Then in obvious notation it holds {ip{fi),ip{f2)) = (ei,e2)C, where 
C e GLd{S). Clearly, C = + p^-UiCi modp" J with Cq g GLrf(>V) 
and Ci G MdiW). Clearly, C L+p'^JM iff = Omodmcj. 

Choose (7 = ((71, (72) G L'^ and set 

e; = (e'W,...,e'(^)) = ei+p"K-t;^-^)^i 

4 = (e'(^+i), . . . , e'^"^)) = 62 + - t;^-i)^2 

Clearly, the coordinates of e' = {e[, e'2) give an S-basis of M and we 
can introduce the structural W-module L' = We''-*-' for M. 

Prove that the elements e''-*-', 1 ^ i ^ s, and f^^\ s < i ^ d, generate 
F(L') modp" JM. Indeed, we have 

(3.1) L + p^'IM = L' + p'^IM 

and this implies that the image F{L)k of F{L) in Lk coincides with its 
analogue F{L')k. In addition, for 1 ^ i ^ s, 

e^^ eL'n {F{L)+p^IM) cL'n F{M) = F{L'). 

Therefore, it would be sufficient to prove that {vL') r\F{L') modp" JM 
is generated by the images of ve'^'^\ 1 ^ i ^ s, and f^^'^^\ . . . , /'•°'^. But 
relation (13.11) implies that vL + p^JM = vL' + p^JM and 

{vL') n F{L') modp" JM = (vL) f] F{L) modp^JM. 

It remains to note that for 1 ^ i ^ s, f e'^*^ = f e^*^ mod p"JM. 

Therefore, we can define special bases for L' and F{V) by the rela- 
tions f[ = e[ and = /2 and obtain that 

(^(/1),^(/^)) = (^(A), ^(/2)) +pXao^i,0)modp" JM 

and 

+pX(ei,e2)Ci - (^i,^2)Co + (a^i,0))modpVM 

So, ip{F{L')) C L' + p^JM if and only if there is an (7 = (^1,^2) ^ 
L"^ such that (ctq^IjO) = ((71,^72)^0 + /imod(m5 fl W)L, where /i = 
(ei,e2)Ci G -L and Comodm^ G GLrf(A;). The existence of such vector 
g is implied by Lemma [3.61 below. □ 
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Lemma 3.6. Suppose V is a d- dimensional vector space over k with 
a a-linear endomorphism ctq : V — > V and a = (0,1,02) ^ V''', where 
Oi G V^* and 02 G V'^''^ . Then for any C G GLrf(A;) there is an g = 
{911 92) £ with gi G and g2 G V^^^ such that 

(3.2) iaogi,0)=gC + a. 

Proof. Let C^^ = f ^^^1 with the block matrices of sizes s x s, 

\D2l D22J 

{d — s) X s, s X (d — s) and {d — s) x (d — s). Then the equahty (13. 2 p 
can be rewritten as 

{aogi)Dn = gi + d[ 
{aogi)D2i = g2 + 4 

where {d[,d'2) = aC~^. Clearly, it will be sufficient to solve the ffist 
equation in ^1, but this is a special case of Lemma [1.11 □ 

Lemma 3.7. Suppose n ^ and L is W -structural for M such that 
ip{F{L)) C L -\- p"-JM. Then there is a W-structural L' for M such 
that f{F{L')) CL' + p-^+^M. 

Proof. Suppose the coordinates of e G Af^ form a W-basis of L and 
D G AidiyV) is such that the coordinates of / = eD form a W-basis 
of F{L). Then ip{f) = e + p"/i, where h = mod JM. Let e' = e + p^h 
and let V be a W-sub module in M spanned by the coordinates of e'. 
Clearly, L' is W-structural. 

Prove that F{L') is spanned by the coordinates of e'D. Indeed, 
suppose e and e' have the coordinates e*^*^ and, resp., e'^^\ 1 ^ i ^ s. 
Then for all i, e'^'^ = e^'^ +p''h^'\ where /t^ e JM C (FiF5)M. This 
means that a W-linear combination of e^'^ belongs to F(M) if and only 
if the same linear combination of e''-*-' belongs to F{M). This implies 
that e'D spans F{L') over W because eD spans F{L) over W. Then 
f{F{L')) C L'+p"^^M because <^{h) G pM (use that ¥?(J) C pS) and 

(/?(e'L>) = (/?(eD + p'^hD) = e + p^'h + p'^ip{h)a{D) = e'modp"+^M 

□ 

It remains to notice that applying above Lemmas 13.61 and 13.71 one 
after another we shall obtain a sequence of W-structural modules L„ 
such that for all n^O, L^+p^^+^M = L^+i +p"'+^M, where Lo^y^S = 
M. Therefore, L = hmL„/p" is W-structural and ^{L) C L. 

n 

The proposition is completely proved. □ 
3.5. The categories £* and CJ^ . 



Definition. W-module L is p-strict if it is isomorphic to ©iscisc^W/p' 
where ni, . . . , G N. 
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In particular, if L is p-strict and pL = then L is free Wi-module. 
The p-strict modules can be efficiently studied via devissage due to the 
following property. 

Lemma 3.8. L is p-strict if and only if pL and L/pL are p-strict. 

Proof. Specify Breuil's proof of a similar statement but for more com- 
plicated ring S = from [B] . □ 

Definition. Denote by £* the full subcategory in C consisting of the 
quadruples C = {L,F{L),ip,Ns) such that 

• L is p-strict; 

• vP-^L C F{L), F{L) npL = pF{L) and L = if{F{L)) ®aVs^ W; 

. for any / G F(L), vNs{l) G F{Ls) and ^s{vN{l)) = cNsm)), 
where c = 1 + jp. 



Definition. Denote by C}\\\ the full subcategory in £*, which consists 
of objects killed by p. 

The category is not very far from the category £* introduced 
in Section [U Indeed, suppose £ = (L, F(L), yj, A^5) G Note that 

Ars(L) C Ls^ := L^wi^i = L/uPL® {L(S)l)FiVSi. With this notation 
we have the following property. 

Proposition 3.9. There is a unique N : L — L/u^p such that 

a) for any I G L, N{1) ®l = cNs{l) in Ls^, where c = 1 + uP/p G S"*; 

b) {L,F{L),^,N)eC*. 

Proof. Let A^^i := cNs : L — > Ls^. Then for any w G Wi and / G L, it 
holds Ni{wl) = N{w)l + wNi{l) (use that N{c) = in Si) and there 
is a commutative diagram (use that a{c) = 1 in Si) 

F{L)-^L 



uNi 



F{L)s^Ls, 

Prove that Ni{ip{F{L)) C L/uPL and, therefore, A^i(L) C L/uPL. 

Indeed, (mA^i)(F(L)) C uNi{L) n F{L)s C {uL/uPL ® {uL)Fi\PSi) 
n {F{L)/uPL © LFiF^i) C F{L)/uPL © {uL)Fi\PSi. This implies that 
Ni{ip{F[L)) C fs{uNi{F{L))) C L/uPL because ifsiuFiFSi) = 0. 
So, by Proposition 11.31 there is a unique : L — > L/u^p such that 
NmoduP = Ni and (L, F{L), ip,N)eC*. □ 

Corollary 3.10. With above notation the correspondence 

iL,F{L),^,Ns)^iL,F{L),^,N) 

induces the equivalence of categories U : — > C* . 

Corollary 3.11. The category is preabelian. 
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Proof. Corollary 13 . 1 01 and Proposition ll.3l imply that is pre-abelian. 
This can be extended then to the whole category by Breuil's method 
from [B] via above Lemma [3.81 □ 

Note that if £ = {L, F{L),<^, Ns) and M = {M, F{M),(f, Ns) are 
objects of and / G Hom£(£, A^) then: 

• Ker/ = {K,F{K),ip,Ns), where K = Ker(/ : L — > M) and 
F{K) = F{L) n K with induced if and A^^; 

• Coker/ = {C, F{C),ip, Ns), where C = M/M', M' is equal to 
(/(L) W[m-1]) n M and F(C) = F{M)/{M' n F(M)) with induced 
99 and Ns] 

• / is strict monomorphic means that / : L — > M is monomor- 
phism of W-modules, {f{L) ®w >V[u~^]) flM = f{L) (or, equivalently, 
M/f{L) is p-strict) and = L n F(M); 

• / is strict epimorphic means that / is epimorphism of p-strict 
modules and f{F{L)) = F{M). 

According to Appendix A, we can use the concept of p-divisible group 
injn^o in In this case = F{Ln),(p, Ns), where all L„ 
are free W/p"-modules of the same rank equal to the height of the p- 
divisible group in}- We have obvious equivalence of the category 

£/ and the category of p-divisible groups of finite height in £*. 

Definition. Denote by the full subcategory in £*, which consists 
of strict subobjects of p-divisible groups in £*. By we denote the 

full subcategory in consisting of all objects killed by p. 

It is easy to see that contains all strict subquotients of the cor- 
responding p-divisible groups. Contrary to the case of filtered modules 
coming from crystalline representations, the categories and £* do 
not coincide but they have the same simple objects. 

Note that the functor 11 from Corollary 13.101 identifies simple objects 
of the categories £* and C* and for any two objects £1, £2 £ we 
have a natural isomorphism Ext£t[^](£i, £2) = Ext£* (n(£i), n(£2))- 
We can obviously extend the concepts of etale, connected, unipotent 
and multiplicative objects to the whole category £* and to obtain the 
following standard properties: 

• for any C G £*, there are a unique maximal etale subobject (^C^*, i*^*) 
and a unique maximal connected quotient object [C^,]^) in £* such 

that the sequence — )■ C — )■ C — )■ — )■ is exact and the 
correspondences C (-)■ and £ i-t- £^ are functorial; if £ G CJ* then 
£'^* and are also objects of C/^] 

• for any £ G £*, there are a unique maximal unipotent subobject 
(£",2") and a unique maximal multiplicative quotient object (£™, j*") 
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in C such that the sequence — )■ £" — )■ C — )■ — )■ is exact and 
the correspondences C ^ and C h- )■ are functorial; if £ G 
then and are also objects of CJ* . 

Denote by Ct^'\ L^'\ and the full subcategories in con- 
sisting of, resp., etale, connected, unipotent and multiplicative objects. 
We have also the corresponding full subcategories £^'^*', 
and in £/K 

The results of Subsection 1.5 and Appendix A imply that in the 
category 

• there is a unique etale p-divisible group >C°°(0) := {C^^\^),in}n^o 
of height 1 such that >C(^)(0) = £(0); 

• there is a unique multiplicative p-divisible group of height 1, 
£-(1) := {£('^)(l),^nWo such that £(i)(l) = £(1); 

• for any p- divisible group £°° there are functorial exact sequences 
of p-divisible groups 

— > £°°'"* ^ £°° ^ £°°'" — > 

Here £°^'^* and £°°'™ are products of several copies of £°°(0) and, resp., 
£°°(1), and £°°''= and £°°'" are ]9-divisible groups in the categories C^'-^^ 
and, resp., C^'^K 
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4. Semistable modular representations with weights [0,p) 

In this section we prove that all killed by p subquotients of Galois in- 
variant lattices of semistable Qp[rir]-modules with Hodge- Tate weights 
[0,p) can be obtained via the functor V* from Section [2l 

4.1. The functor V* : £* — > MLf- Fo^^ n ^ 1, introduce the ob- 
jects Ast,n = {Ast,n, F{Ast,n),f, Ns) of the category C, with Ast,n = 
Ast/p^'Ast, F{Ast,n) = F{Ast)/p''F{Ast) and induced if and Ng. Let 
Ast,oo = {Ast,oo,F{Ast^oc>),<^,Ns) be the inductive limit of all Ast,n- 

For £ G £*, set V*(£) = Rom^iC, Ast,oo) with the induced structure 
of Fi^-module. This gives the functor V* : £* — > MUf- We shall use 
the same notation for its restriction to the category 

Proposition 4.1. Suppose C = {L, F{L), (p, Ns) E £*. Then Ns\ip(F(L)) 
is nilpotent. 

By devissage and Corollarv l3. lOl this is implied by the following state- 
ment for the objects of the category £*. 

Lemma 4.2. If C = {L, F{L), ip, N) G C* then Np{^{F{L)) C m^L. 

Proof. For any / G F{L), N{(f{l)) = (f{uN{l)). Use induction to prove 
that for 1 ^ m ^ p, A^"^(^(/)) = ^lu"'N"'{l))moduPL and use then 
that yD{uPNP{l)) G y^{uF{L)) C uPL. □ 

Proposition 4.3. For n ^ 1, (Bj^oAcr,nlj{^og{l + X)) is the maximal 
W{k)-submodule of Ast,n where N is nilpotent. 

Proof For any j ^ 1, it holds A^(7j(log(l + X)) = 7j_i(log(l + X)) 
and is nilpotent on ©j;jo^cr,n7j(log(l + X)). Therefore, it will be 
sufficient to prove that 

Ker (np\j^^^ ,) = © ^c.,i7,(log(l + X)). 

Let C = ¥p{X) be the divided power envelope of Fp[X] with respect 
to the ideal (X). Then C = Fp[Xo,Xi, . . . ,X„, . . .]<p is the ring of 
polynomials in Xj := 7pi(X), where for alH ^ 0, Xf = 0. 

Let mc be the maximal ideal of C and Y = log(l + X) G C. Then 
Y = Xq — Xi modm^ and for all j ^ 0, 7pj(y) = Xj — Xj+i modm^. 
This implies that with Yj = '~fj{Y) for all j ^ 0, 

C = ¥p[Xo,Yo,...,Y„,...Up = ¥p{Y)[XUp= © Fp(r)7,(X). 
So, A,ti= © Acr i7i(X)7, (r). Remind X(X) = X + 1 and for j ^ 1, 

N{'~fj{Y)) = 7j_i(y). Using that is an y4c,.,i-derivation we obtain 
that for any P = J^ij e Fp(F)[X]<p with aij G Fp, it holds 
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(use that Np{X) = X and NP{-fj+p{Y)) = -fj{Y)) 

i,j id 

If P G KerA^^ then for all involved indices iaij + ttjj'+p = 0. This 
implies that aij = if either i ^ ot j ^ p. □ 

As earlier, introduce the category £q. Its objects are the triples 
(L, F{L), if), where L D F{L) are W-modules and (f : F{L) — > L is a 
(T-linear morphism. For any object C = {L, F{L), (f, Ns) G C, agree to 
use the same notation £ for the corresponding object (L, F{L), ip) E Cq. 

For all n > 0, set Ar,n = {Acr,n, F{Acr,n),y^) e ^0 ■^ith Acr,n = 

Acr/p^'Acr, F{Acr,n = F{Acr) /p^'FiAcr) and induced ip. Here the W- 
module structure on A^r^n is defined by the morphism of algebras 
W — > Acr^n such that u I— !■ [xq]. Denote by Acr,oo the inductive limit 

of all Acr,n- 

Suppose C E £^ and / G Rom-^iC, Ast,n)- Then by Propositions 14.11 
and lil 

/(</.(F(L)))c ©Ae.,„7,(log(l + X)). 

Consider the formal embedding of the algebra Agt^n into the completion 
nj>o^cr,n7j(log(l + X)) of ®j-^o^cr,n7i (log(l + X)) such that X ^ 
7i(iog(l+^))- Then any element of Ast,n can be uniquely written 
in the form X]j>o + where all aj G Acr,„. Note that the 
W-module structure on Ast,n is given via the map 

u ^ [xo]/il + X) = [xo] 5^(-iy7,(log(l + X)). 

For j ^ 0, introduce the W {k)-lmeai maps fj G Hom(L, Acr,n) such 
that for any / G L, it holds f{l) = Ej>o /i(07i(log(l + ^))- Then 
using methods from [B] obtain the following property. 

Proposition 4.4. The correspondence f ^ fo induces isomorphism 
of abelian groups V*(£) = Hom^ {C,Acr,n); 
b) for any j ^ and I e L, [-(l) = fo{N^{l)). 

Corollary 4.5. The functor V* is exact. 

Proof. Let £g be the full subcategory of Cq consisting of the triples 
(L, F{L), if) coming from all C = (L, F{L), ip, N) G £*. By Proposition 
14.41 it will be sufficient to prove that the functor Vq : £9 — ^ (Ah), such 
that Vg(£) = Hom-^^^C, Acr,oo), is exact. The verification can be done 
by devissage along the lines of paper [9] . □ 

Remark. One can simplify the verification of above corollary by re- 
placing Acr,i by the corresponding object Acr,i related to the module 
Acr,i = {R/xo)Ti © (R/xq) introduced in Subsection 14.21 below. 
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Corollary 4.6. For C G CJ , let {C'^^\in}n^o be the corresponding p- 
divisible group in the category CJ* . Then in notation of Corollary \'d.2\ 
T;,(£) = Jim V* 

n 

4.2. The functor V[l]*. Note the following case of Proposition 14.41 

Proposition 4.7. Suppose C = {L, F{L),ip, N) G £*[!]. Then there 
is an isomorphism of abelian groups V*(£) ~ Hom^ {C,Acr,i) and Tp 
acts on V*(£) via its natural action on Agt^i and the identification 

Lc ■■ Hom2^^(£, Ar,i) — ^ Hom^(£, 
such that if fo G Hom^ {C, Acr,i) then for any I G L, 

^£(/o)(0 = E/o(^'(0)7.(log(l + X)) 

Introduce the functor V[l]* := H"^ o V*|£t[i] : C* — > MTp, where 
n : — > C* is the equivalence of categories from Corollary 13. 101 

Proposition 4.8. On the subcategory of unipotent objects £*" of C* 
the functors V[l]* andV* coincide. 

Proof. The definition of Acr implies that Acr,i = {R/xq)[Ti,T2, . . .]<p, 
where for all z ^ 1, Tj comes from 7pi([xo] +p) and it holds Tf = 0. Set 
F{Acr,i) = FiF-Me,,i = {x^Q-^R/xlR) © (R/xDh, where the ideal h is 
generated by all T,. Then the corresponding map : F{Acr,i) — > ^cr,i 
is uniquely determined by the conditions '^{xq~ ) = 1 — Ti, ip(Ti) = 1 
and f(Ti) = if i ^ 2. In particular, ip{Acr,i) C {R/xq)Ti © (_R/xq). 

Let Acr^i = Acr^i/Ji with the induced structure of filtered module 
Acr,i, where the ideal Ji of Acr,i is generated by the elements TiXq and 
Ti with 2^2. Then the projection Acr,i — > ^cr,i induces for any 
object £ = {L, F{L),ip, N) of the category £*, the identification (use 
that (p\j = 0) 

Hom2^^{C, Acr,i) = Hom^^^iC, Acr,i)- 

Introduce Oq, a_i G Hom(L, R/xq) such that for any m E L, fo{m) = 
a_i(m)Ti + ao{m). Note that oq and a_i are Wi-linear, where the 
multiplication by m on L correspondes to the multiplication by xq in 
R/xl. 

Then for any m G F{L), the requirement fQ{if{m)) = (y9(/o(m)) is 
equivalent to the conditions 



ao{ip{m)) = a_i(m)P + 



(4.1) 

a-i{(f{m)) 



' J{p-i) 
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Note that these conditions depend only on m = mmodu^L. 

Consider the operator V : L — > L from Subsection ll.Si Clearly, 
V{uPL) C uF{L) and for L := L/u^L, we obtain induced operator 
V -.1 — (use that F{L)/uF{L) C L/uPL). 

For any m ^ L, relations (14. ip can be rewritten as follows: 



aoiVm 



iP 



«oM = — 7— 7^ + a_i(\/m) 



™P(p-i) 



p 



ao{Vmy 

a^i[m) = - 



p(p-i) 





Therefore, if C is unipotent then for any m & L, 

a_i(m) = —ao{m)+a^i{Vmy = —aQ{m)+a^i{V'^mY^ = ■ ■ ■ = — ao(m). 

This implies that for any m G F{L), ao{(f{m)) = aQ{mY /x^q^ ^\ In 
other words, we have a natural identification 

Hom2^(£,:^") = Hom^^(£,Icr,i) 

coming from the map of filtered yj-modules 7^" — > Acr,i given by the 
i?-linear map R/x^ — )■ Acr,i = {R/xq)Ti © (R/xq) such that for any 
r G R/xq, r I— )■ (— rTi,r). 

This implies that for all unipotent C G £*"^V [!]*(£) = V*(£). 

Indeed, the above embedding R/xq — )■ y4cr,i can be extended to 
the embedding of Rst/xlRst to Ast,i = Hj^o ^cr,i7i(log(l + ^))- This 
identifies the abelian groups V*(£) and V(l)*(£). Now notice that the 
ideal 

J(I,i,i)= FiP-^(I..,i)7,(log(l + X)) + FiF(l,,,i) 

is Fi?- invariant and we have the induced Fi?- invariant embedding of 
R%/J- into I,i,i/J(I,i,i). □ 

4.3. Splittings and 6. Suppose C = {L, F{L), if, N) G C*. Then 
there is a standard short exact sequence 

(4.2) ^ ^ £ ^ ^ 0, 

where (£",^) is the maximal unipotent subobject and (£'",j) is the 
maximal multiplicative quotient of C. 

If = {L"',F{L"'),ip,N) then F(L™) = L"" = Lq Wi, where 
Lo = {/ G I (^(/) = /}. Suppose S : L"" — > F{L) C L is a Wi- 
linear section. Then for any Iq G Lq, S{lo) = ip{S{lo)) + g{lo), where 
g G Hom(Lo,L"). If S' : L"^ — >■ F{L) is another Wi-linear section 
then for any k G Lq, S'{lo) = v{S'{lo)) + g'ih). Here g' G Hom(Lo, L") 
is such that for some h G Hom(Lo, it holds g'ilo) = /i(/o)— V5(/i(/o))- 
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Proposition 4.9. a) There is a section S such that qILq) C uL^. 
b) Ifg{Lo),g'{Lo) C uL^ then h{L^) C uF{L-). 

Proof, a) It will be sufficient to prove that for any I ^ L^, there is an 
h e F{L'') such that l = h- ip{h) modT/L". 

Suppose no ^ 1 is such that V^"''(L") C uF{L^). Then for all n ^ no, 
C Let h = -{Vl+V^l+- ■ ■+V''°+H). Then h G 

and ^{h) = -{l + Vl + --- + = -/ + /imodML". 

b) We must prove that if /i G F{L^) and /i — (p{h) G mL" then 
/i G uF{L'^). 

Indeed, we have V{h) — he V{uL^) C uF{L'^) and for all n ^ 1, 
= hmoduF{L'^) implies that h G uL^. Therefore, ip{h) G uL^ 
and /z G uF{L''). □ 

Proposition 4.10. H/'zi/i above notation the short exact sequence 

^ v[i]*(£"^) ^ v[i]*(/:) v[i]*(i:") ^ o 

obtained from (14. 2 p 6?/ ^/ie functor V[l]*, /ias a canonical functorial 
splittings e : V[l]*(£") — > V[l]*(£) and 6 : V[l]*(£) — ^ V[l)]*(£'") 
m the category MT p. 

Proof. It will be sufficient to prove the existence of a functorial splitting 

e : Hom^^(£", Ar,i) — > Hom^^(£, Arsi) 

of the epimorphism Hom;g^(£, ^cr,i) — ^ Hom2^(£", ^cr,i), obtained 
from exact sequence (14. 2p . 

Suppose /o = (a_i,ao) : -L" — > {R/xq)Ti © (R/xq) belongs to 
Rom^^iC^ , Acr,i) ■ Here a_i, G Homw;j(L", R/x^) and for any / G L", 
a_i(/) = — ao(/), cf. Subsection 14.21 

Let S : L'" — ¥ L be a Wi-linear section such that for any / G Lo, 
S{lo) = ^{S{lo))+g{lo), where g G Hom(Lo,ni:"). 

Extend /o to 0(/o) = (a-i,ao) : 1/ — > {R/xq)Ti(B{R/xq) by setting 
ao(5'(Zo)) = — a-i(5'(/o)) = where A" is a unique element of R/xq 
such that X — X'^/xq^'''^^^ = ao(5'(/o))- One can prove that 0(/o) G 
HomT; {C,Acri) by verifying relations (14. ip with m = ^(/o)- □ 

4.4. A modification of Breuil's functor. Remind that Breuil's func- 
tor V* : — > ML p attaches to any £ G £*, the Lp-module V(£) = 
Hom2(£, At,oo)- 

Proposition 4.11. The functor V* is fully faithful on the subcategory 
of unipotent objects 

Proof. Indeed, by Subsection 12.31 V[l]* is fully faithful. Then the ex- 
actitude of V* together with Proposition 14.81 implies that V*!^^,* is fully 
faithful. ~ □ 
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Proposition HTTU] implies that V* is very far from to be fully faithful on 
the whole £}. Indeed, if £ G and — ^ £" — \ L — \ CJ^ — ^ 
is the standard exact sequence then the corresponding sequence of Vp- 
modules admits a functorial splitting. 

Introduce a modification V^^ : CJ^ — )■ MT^ of Breuil's functor. 

Suppose £ G CJ^ . From the definition of the category CJ^ in Sub- 
section [3] it follows the existence of CJ G CJ^ such that 'pCJ = C More 
precisely, there are a strict monomorphism ic> '■ C — > C and a strict 
epimorphism jci : CJ — )■ C such that p idc' = jc ° "ic ■ (Note that 

Consider the following short exact sequences 



(4.3) O^C^C'^pC ^0 

(4.4) £; £' ^ £ ^ 

and consider the corresponding sequence of Fi^-modules and their mor- 
phisms 



V*(p£'") A V*(p£') ""-^^ V*(£') ""-^^ v*(£;) A v\c'p. 

As earher, for any £ G £-^*, £" is the maximal unipotent subobject and 
£"* is the maximal multiplicative quotient object for £. 

Lemma 4.12. Ker(V*(Kp) o 6) d Im(e o V\Cp)). 

Proof. The section G depends functorially on objects of the category 
£*[!] D £'^*[1]. Therefore, we have the following commutative diagram 

V*(p£^") " V*(£;") 


and eov*(Cp)ov*(Kp)oe = v*(ir^oc«)o(eo0) = □ 

Definition. Set V^,(£) = KeT{V\Kp) o 0)/Im (6 o V*(Cp)). 

Proposition 4.13. VFzi/i above notation it holds: 

a) V^,(£) = CokerV*(Cp) = V*(£) z/£ G £"'^*; 
V^,(£) = Ker V\Kp) = V*(£) z/£ G £'"'^*; 

c) for any £ G £-^*, we have the induced exact sequence ofTp-modules 
— > V*(£'") — > V^,(£) — > V*(£") — ^ 0. This sequence depends 
functorially on the pair (£, £') . 
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Proof. The parts a) and b) are obtained directly from definitions. In 
order to prove c), note that pC = C imphes that pC'^ = and 
p£'m _ £m 'jj^jg gives a functor ial sequence 

— ^ V'a^iC^) V^,(£) ^ v'au{r) — ^ 0. 

Then a diagram chasing proves that this sequence is exact. □ 

Proposition 4.14. Suppose for a given Ce CJ\ the objects C',C" G 
are such that pC = pC" = C. Then there is a natural isomorphism 
f{C', C") ofVp-modules such that the following diagram is commutative 

V*(£™) V^„(£) V*(£") 



id 



f{C',C") 



id 



V*(£™) V^,(£) — - v*(/:") 

(The lines of this diagram are given by Prop \4 ■ 1^ ) 

Proof. By replacing C" by with respect to strict epimorphisms 

c 

jc' and jc", we can assume that there is a map / : C" — > C! which 
induces the identity map pL" = C — > pC! = C Then the existence 
of f{C, C") follows from functoriality and the diagram chasing implies 
that it induces the identity maps on V*(£") and V*(£'"). □ 

Definition. For C, C G such that pC = C, set V^*(£) = V^,(£). 

The correspondence £ — )■ V-^*(£) induces the additive exact functor 
V^* : — ¥ MF p. 

4.5. y9-filtered module Acr,2 ^ ^o- Let ^ = [xq] + P G W{R) C A^r, 
and for n G N, 7„(0 = C/nl 

Lemma 4.15. If n ^ 2p then ^{'JniO) ^ P^^cr- 

Proof We have ¥?(7„(0) = (p""P+Vn!)([xo]P/p + 1)". Therefore, it 
will be sufficient to verify that for n ^ 2p, Vp{n\) + p + 1 ^ n. Using 
the estimate Vp{n\) < n/{p — 1) we obtain that the required inequality 
holds for p^5ifn^p + 3 and for p = 3 if n ^ 8. It remains to check 
that our inequality holds for p = 3 and n = 6 and 7. □ 

Let J2 be the closed ideal in Acr generated by [xoYC,^/p and all 
C/n\ with n ^ 2p. Then J2 C F{Acr) and ip{J2) C p^Acr- Intro- 
duce Acr,2 = Acr/{J2 + P^^cr) and cousider the corresponding induced 
filtered (/9-module Acr,2 = (^cr,2, -^(^cr,2), V^) € £lo- Clearly, for any 
C G natural projection Acr,2 Acr,2 induces the identification 

}iom2^{C,Acr,2) = Hom2;^(£, ^cr,2)- 

Consider the structure of Acr,2 more closely. 

Let Ti = ^^/p. With obvious notation the elements of Acr,2 can 
be written uniquely modulo the subgroup [xo-R]Ti + [xq^-R] +p[xo-R] + 
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p'^W{R) in the form [r_i]Ti + [rg] +^[^^1], where r_i,ro,ri G R. In- 
formally, we shall use that r_i,ri G R/x^ and tq G R/x^. The 
Vr(-R)-module structure on Acr,2 is induced by usual operations on Te- 
ichmuller's representatives and the relation pTi = [xqY mod p'^W{R). 
(Use that Ti = [xqY /p + p[xo]P-^modp'^W{R).) 

The S'-module structure on Acr,2 is induced by the Vr(A;)-algebra 
morphism 5* — > W{R) such that u (-)■ [xq]. Then F{Acr,2) is generated 
over W{R) by the images of Ti and ^P'^. Note that ^^"^ = [xof^^ - 
p[a;o]^"^ modp^iy(i?). 

The map (f : F{Acr^2) — > ^cr,2 is uniquely determined by the knowl- 
edge of <^{Ti) and <^(^p-^). Note that 

^(Ti) = fi±My ^ 1 + [x,Ymod{J + p'A,r,2+p[mn]) 



p 



^ie-') = ( 1 + ) ^ 1 - Ti mod ( J + + pM 



p 

Suppose C G and C G is such that pC = C. Consider 

short exact sequences (14 ■3p and (14.41) . Then the points / G V*(p£') and 
V*(Cp)(/) G V*(£') are related via the commutative diagram 



p*— ^cr, 1 

where the right vertical arrow is induced by the correspondence 

[r_i]Ti + [ro] +p[ri] [r-i]Ti + [romodxJJ]. 

Similarly, the points g G V\C') and V\Kp){g) G V*(£p) are related 
via the commutative diagram 

where the right vertical arrow is induced by the correspondence 

[r_i]Ti + [ro] [r-ixl] + p[ro]. 

4.6. Filtered (/^-modules A°^i and A%2- Let A°^_2 be the W{R)- 
submodule of Acr,2 consisting of elements + [tq] +p[ri] such that 

r_i = — romodxp. Then F{A^j.2) = F{Acr,2) H A°^2 is generated over 
W{R) by [xo~"'^]Ti -|- C,^'^ and the congruence 

ip{[xl-']T^ + e-') = -Ti + l mod ( J2 + p^A,r,2 + pM) 
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implies that <^(F(v40,2) C A^,^^ and ^0,^2 = (^cr^, ^(^cr,2), ^) e ^o- 

Note that p^cr,2 = (P^cr,25P-^(^cr,2)5 V') ^ £lo- Then in notation 
from Subsection I4.4[ it holds: 
• Im0 = Homj^ (p£',p^o^, 2); 

.V*(C,)(Ime) = Hom2^(£',^o,^2); 

.Kere = Hom2^(£;,M°.,2); 

. Ker(V*(i^,) o 0) = Hom^^(£',p^o,^2)- 

Therefore, 

Vf\C) = V*,(£) = Hom2^(£',<2/<i) = Hom^^(£, <2/<i)- 



4.7. The functor CV . Let £ e and let z^* : — ^ £ be the 
maximal etale sub object of C. 

Definition. The functor CV : £J — > CMT p is the functor induced 
by the correspondence C ^-> CV^\c) = (V^*(£), V-^*(£^*), V^*(i^*)). 
— ft 

The functor CV is not very far from Breuil's functor V but it 
satisfies the following important property. 

— /* 

Proposition 4.16. The functor CV is fully faithful. 

Proof. By standard devissage it will be sufficient to verify this prop- 

. — ft 

erty for the restriction CV | £/*[!]• Due to Proposition 12.111 it will be 

sufficient to verify that the functor 11"^ o V-^*|£/t[;^] coincides with the 
functor V* from Subsection 12.21 This can be proved similarly to the 
proof of the corresponding fact for unipotent objects in Subsection 14.21 
as follows. 
Let 

A'st,2 = n<27,(log(l + X)) C Ast,2 = n^-,27,(log(l + X)) 

with induced structures of the objects A'^^ 2 Ast,2 of the category 
£. Then from Subsection 14.61 it follows that 

V*(£) = Hom^(£,<2/Ms*,2)- 
One can see easily that the correspondence 

[romodxo]Ti + [ro] +p[ri] (ro + x^ri) mod^Qm^ 

induces the morphism A%2/P-^cr2 — ^ category £q. This 

morphism induces a unique identification of the abelian groups V*(£) 
and Hom(£, 7^°) = V*(£). Now going to a suitable factor of the object 
A%2/P-^^t2 obtain that this identification is compatible with the 
FiT-actions on both abelian groups. □ 
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Now we can describe all Galois invariant lattices of semi-stable Qpfri;-]- 
modules with weights from [0,p). 

Corollciry 4.17. Suppose V is a semi-stable representation ofTp with 
weights from [0,p), dimq^V — s and T is a Vp-invariant lattice in V . 
Then there is a p-divisible group {jC.^"'\in}n^o of height s in CJ^ such 
that ^CV"^*(£^"^) = (T, i"*) e CMF p. 

n 
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5. Proof of Theorem lU.ll 

As earlier, p is a fixed prime number, p ^ 2. Starting Subsection 15.21 
we assume p = 3. 

5.1. For all prime numbers /, choose an embedding of algebraic clo- 
sures Q C Qi and use it to identify the inertia groups /; = Gal(Q;/Q; j^j,), 
where Q;,Mr is the maximal unramified extension of Q;, with subgroups 
in Tq = Gal(Q/Q). 

Introduce the category MTq. Its objects are the pairs Hq = {H, Hst), 
where H is a. finite Zp[rQ]-module unramified outside p and Hgt = 

{HsuHl.i) e cur l where H\i^ = H,t, F = W{¥p)[l/p] and CUr ^ 

. — ft 

is the image of the functor CV from Subsection 14.71 The morphisms 

in MTq are compatible morphisms of Galois modules. Clearly, MFg is 

a special pre-abelian category, cf. Appendix |Al 

Let Mr g[l] be the full suibcategory of killed by p objects in MTq. 

Denote by /C(p) an algebraic extension of Q such that for any = 

{H,Hst) G Mr o[l], Tic(p) acts trivially on H. In other words, /C(p) 
can be taken as a common field-of-definition of points of all such Fq- 
modules H. 

Now assume that 

(C) /C(p) is totally ramified at p. 

Under this assumption identify Mrg [l] with the full subcategory of 
CMT^, consisting of {Hgt, H^^, i) such that pHst = and all points 
of Hst are defined over 1C{p)F. In other words, the objects of Mr*[l] 
can be described via our local results about killed by p subquotients of 
semistable representations of Tp. 

Denote by MF^ [1] a full subcategory in Mr g[l] which consists of 
killed by p subquotients of p-divisible groups in the category MF L 

Under the above assumption (C), the maximal tamely ramified ex- 
tension of F in ]C{p)F is F{(p), where (p is a primitive p-th root of 
unity. (Use that it comes from abelian extension of Q unramified 
outside p.) Therefore, all simple objects in Mrg [l] are of the form 
J-(i) = (Fp(j),0,0) if 1 ^ J < p and ^(0) = (Fp(0), Fp(0), id ) if j = 0. 

Let [1] and be the full subcategories of £^[1] mapped by 

ft r, 

the functor CV to the objects of MEq [1] and, resp., Mr^ [l]. Clearly, 

£q [1] is a full subcategory in and the only simple objects in 

these categories are C{r), where r G {j / (p — 1) | j = 0, 1, . . . ,p — 1}. 

Suppose = {H^\in}n^o is a p-divisible group in the cate- 
gory MT L Here all H^q^ = J ) are objects of the category 

MLL Let C e C^[l] be such that CV^\c) = H^ll Note that 
the maximal etale subobject of C is isomorphic to £(0)"'=*, where 
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i^et = ^etiC) G Z^o; ^nd has no simple subquotients isomorphic 

to jC(0). Similarly, the corresponding maximal multiplicative quotient 
C"^ is isomorphic to /^(l)"™, where = nm{C) E Z^q? and the ker- 
nel of the canonical projection £ — )■ £™ has no simple subquotients 
isomorphic to C{1). Therefore, for any Ai G [1], 

Ext^t|y(£(0), Al) = Ext^t[y(M,i:(l)) = 0. 

This implies that for any H G MLq [1], 

ExtMr/*[i](^,-^(0)) = Ext^/*[y(^(l),if) = 0. 

Therefore, by Theorem lA. 21 of Appendix A there is an embedding of 
]9-divisible groups c H°°, where H^^^"^ = J^(l)"'", and there is a 

projection of p-divisible groups — )■ H°°''^*, where H^^^^^ = ^^(0)"='. 

For similar reasons, 

Ext^.[y(^(0), J-(O)) = Ext^.[y(^(l),^(l)) = 

and by Theorem lA.ll of Appendix A, the corresponding p-divisible 
groups H^'^ and H^'^* are unique. Therefore they coincide with 
the products of trivial p-divisible groups (Qp/Zp)(p — 1) and, resp., 
(Qp/Zp)(0). 
We state this result in the following form. 

Proposition 5.1. Under assumption (C) for any p-divisible group H°° 
in the category MT U there is a filtration of p-divisible groups 

such that = (Qp/Zp)(p- 1)"™, H°°/H^ = (Qp/Zp)(0)"'=* and all 
simple subquotients in H^/H^ come from the Tate twists Fp(j) with 
j = l,...,p-2. 

5.2. Assume that p = 3. 

Lemma 5.2. /C(3) = Q(v^, ^g), where is 9-th primitive root of 1. 

This Lemma will be proved in Subsection 15.31 below. 
So, /C(3) satisfies the assumption (C). 

Proposition 5.3. // H'^ is a 3-divisible group in MTq then in its 

filtration from Proposition \5.1\ the 3-divisible group H°° = H^/H^ is 
a product of finitely many trivial 3-divisible groups (Q3/Z3)(l). 

Proof. Let Cq be the full subcategory of [1] consisting of objects C 
such that = = 0. This category has only one simple object 
£(1/2). Let MTjQ be the full subcategory in MTq [1] consisting of the 

objects CV^ (£), where C G Cq. Then Cq and MTq are antiequivalent 

categories and G MTq. Clearly, our Proposition will be obtained 
by Theorems lA.ll and IA.2I from the following Proposition. □ 
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Proposition 5.4. Ext^^(£(l/2), £(1/2)) = 0. 

Proof. Consider the equivalence of the categories 11 : £* — > C* from 

. — ft 

Corollary 13.101 This equivalence transforms the functor CV into the 
functor CV* from Section [21 cf . the proof of Proposition 14.161 There- 
fore, the objects C of the category II{£^q) := £q are characterised by 
the condition that all points of V*(£) are defined over the field /C(3)F. 
The objects £ of the category := Cq are characterised by the 

additional properties: they are all obtained by subsequent extensions 
via £(1/2) and V*(£) appears as a subquotient of semi-stable repre- 
sentation of Tp with Hodge- Tate weights from [0,2]. 

Introduce the object £(1, 1) = (L, F{L), ip, N) of the category £* as 
follows: 

• L = Wil®Wih; 

• F{L) is spanned by uli and ul + h; 

• f{uli) = li, ipiul + /i) = /; 

• A^(/i) = Omodw^L, N{li) = /modw^L. 

Clearly, £(1, 1) has a natural structure of an element of the group 
Ext^.(£(l),£(l)). 

Lemma 5.5. a) £(1, 1) G £q; 

b) Ext£^(£(l), £(1)) ~ Z/3 and is generated by the class o/£(l, 1); 

c) Ext^.(£(l),£(l,l)) = Ext^(£(l, !),£(!)) = 0. 

This Lemma will be proved in Subsection 15.41 below. 

Lemma 15.51 implies that Ext^* (£(1, 1), £(1, 1)) = and, therefore, 
any object £ of G £q is the product of several copies of £(1) and 
£(1,1). 

Suppose £ = £i X L(l, 1) G £q. Then there is a 3-divisible group 
H^nfty in MT^ such that H^^^ = H' x H{1, 1), where H' and H{1, 1) = 
CV*(£(1,1)) belong to MTq. Clearly, Y.^iy^^ft, J H\H {1,1)) = and 

applying Theorem IA.2I we obtain a 3-divisible group in MTq such 
that H^^^ = if(l, 1). This implies the existence of 2-dimensional semi- 
stable (and non- crystalline) representation of F^? with the only sim- 
ple subquotient F3(l), that is for any Galois invariant lattice T of 
such representation, the F^-module T/3T has semi-simple envelope 
F3(l) X F3(l). But our situation appears as a very special case of 
Breuil's classification of 2-dimensional semi-stable (and non-crystalline) 
representations. According to Theorem 6.1.1.2 of |5] the correspond- 
ing semi-simple envelope is either F3(0) x F3(l) or F3(l) x F3(2). The 
proposition is proved. □ 



Now our main Theorem appears as the following Corollary. 
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Corollary 5.6. If Y is a projective variety with semi-stable reduction 
modulo 3 and good reduction modulo all primes I ^ 3 then /i^(lc) = 

Proof. Indeed, let V be the Qafrpj-module of 2-dimensional etale co- 
homology of Y. Then it is a semi-stable representation of F and its 
r j7-invariant lattice determines a 3-divisible group in the category MTq. 
By Proposition 15.31 this 3-divisible group can be built from the Tate 
twists (Q3/Z3)(z), i = 0,1,2. Equivalently, all F j?-equivariant subquo- 
tients of V are Qsii) with z = 0, 1, 2. Applying the Riemann Conjecture 
(proved by Deligne) to the reductions Ymodl with / 7^ 3, we obtain 
that Q(0) and Q(2) do not appear. Therefore, V is the product of 
finitely many Q3(l) and h'^{Yc) = h^'\Yc). □ 

5.3. Proof of Lemma 15. 2i Use the ramification estimate from Sub- 
section 12.91 to deduce that the normalized discriminant of /C(3) over 
Q satisfies the inequality |L'(/C(3)/Q)|['^(3):Q]-i < 33-1/3 ^ 18.96236. 
Then Odlyzko estimates imply that [/C(3) : Q] < 238. 

Let Kq = Q(C9) and Ki = Q{\/3,(q). Then Kq is the maximal 
abelian extension of Q in /C(3) and Ki C /C(3). We have also the 
inequality [/C(3) : Ki] < 60 and, therefore, Gal(/C(3)/Q) is soluble. 

Prove that Ki = /C(3). 

Suppose the field K2 is the maximal abelian extension of Ki in /C(3). 
One can apply the computer package SAGE to prove that the group 
of classes of Ki is trivial. Therefore, K2 is totally ramified at 3 and 
Gal(i^2/Q) coincides with the Galois group of the corresponding 3- 
completions. In particular, K2/K1 is wildly ramified at 3. Therefore, 
there is an r/ G O^^ such that Ki[^) C K2. Then a routine com- 
putation shows that the normalized discriminant for Ki{^) over Q 
is less than 3^~^/^ if and only if 77 = lmodO|^^(l + 30xJ^. We must 
verify that such 77 G 0^_^. (This is equivalent to the Leopoldt Conjec- 
ture for the field Ki.) This was proved via a SAGE computer program 
written by R.Henderson (Summer-2009 Project at Durham University 
supported by Nuffield Foundation). This program, cf. Appendix [Bl 
constructed a basis £jmodO^^, 1 ^ z ^ 9, of 0*^^/0*^^ such that 
ISv^^Si — 1) takes values in the set {1, 2, 4, 5, 7, 8, 10, 13, 16}. In other 
words, v^ij] — 1) ^ 1 > 16/18 implies that rj G O*^^. 

Lemma 15.21 is proved. 



5.4. Proof of Lemma 15.51 a) Use the notation from the definition of 
the functor V* in Subsection HI 

If /o G V*(£(l, 1)) then the correspondence /o ^ {fo{h), /o(0) iden- 
tifies V*(£(l,l)) with the Fs-module of couples (Xio,Xo) G (R/xl)'^ 
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such that XlJxl = Xio and {X^ + Xio)/xl = Xq. Then the ¥s[Tf]- 
module V*(>C(1, 1)) is identified with the module formed by the im- 
ages of the couples {Xiq^Xq + XiqY) e {R^Y in the module = 
R%/ {xlraR + xlmRY + XoitiRY^). 

In particular, the corresponding Fi^-action on V*(£(l, 1)) comes from 
the natural Fp-action on the residues of Xiq and Xq modulo xlrriR. 
Notice there is a natural Fi^-equivariant identification 

L : mji/ {xlmfi) — > m/3m, 

where m is the maximal ideal of the valuation ring of Q3. This iso- 
morphism L comes from the correspondence r h-)- r^^\ where for r = 
Hm(r„modp), r^^^ := limrj^,^. 

n 

Then Hensel's Lemma implies the existence of unique Zio, G ni 
such that the following equalities hold l{Xio mod^Qm^) — Zio mod 3m, 
6(Xo mod^Qm^) = Zq mod Sin, Zfg + 3Zio = and Zq + 3Zq = —Z\q. 

Clearly, F{Ziq,Zq) = F{(q). Therefore, if r e F^;' is such that 
^{(9) = Cq then r(Xio) = Xiq and t{Xo) = Xq. 

Finally, it follows directly from definitions that if t(-v^) = then 
T acts as identity on the image of Y in The part a) of the Lemma 
is proved. 

b) Suppose C = {L,F{L),^,N) e Ext^(£(l), £(!)). Then L = 
Wil © Will, there is an -u; G Wi such that F{L) is spanned by uli and 
ul + wli over Wi, and it holds (p{uli) = li, ip{ul + wli) = I, N{li) G u^L 
and A'"(/i) = w^hmodu^L. Notice that JC splits in £* iff w G uWi. 
Therefore, we can assume that w = a ^ k. 

Then the field-of-definition of all points of V*(£) contains the field- 
of-definition of all solutions (Xi, X) modxQm/? G (R/xlmfi)'^ of the 
following congruences: Xf/x^ = Xi modxgmij and (X^ + a'^Xi)/xl = 
Xmod^omi?. 

Let Xi G -R be such that x1 = Xq. Then we can take Xi = xf and 
for T = X/x\ one has the following Artin-Schreier-type congruence: 

-T= -a^/x^modniR. 

Using calculations from above part a) we can conclude that jC G Cq 
if and only if the field-of-definition of Tmodm^ over k{{xi)) belongs 
to the ficId-of-dcfinition of To mod m/? over k{{xi)), where Tq — Tq = 
—x^''^ modniR. By Artin-Schreier theory this happens if and only if 
q; G F3 and,therefore, C ~ £(1, 1). 

c) Suppose £ = (L,F(L),v9, AT) GExt£^(£(l), £(1,1)). 
Then we can assume that: 

— L = Wil® Wih © Wim; 

— F{L) is spanned over Wi by uh, ul + h and um + wl + wih with 
w, wi G Wi; 

— (fi{uli) — li, (fi{ul + li) — I and ip{um -\-wl-\- Wili) — m. 
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Then the condition u^m G F{L) imphes that wli G F{L), or w G 
uWi and we can assume that w — 0. Then the submodule Wim+Wili 
determines a subobject C of C, CJ G £q and using calculations from 
b) we conclude that W\ G Fsmod-uWi. Therefore, we can assume that 
wi = q; G F3 and for m! = m — al have m' G F{L) and ip{um') = m', 
i.e. £ is a trivial extension. 

Now suppose £ = (L, F{L), ip, N) G Ext£^(£(l, 1), £(1)). 

Then we can assume that: 

^ L = Wim © Wimi © Wi/; 

— F{L) is spanned over Wi by m/, wmi + wl and + mi + Wi/ 
with w, Wl G Wi; 

— '^{ul) = I, ipivmi + wl) = mi and (p{um + mi + wil) = m. 
Again the condition u^m G F{L) implies that w G uWi and, therefore, 

we can assume that w = 0. Then the quotient module L/Wimi is the 
quotient of C in the category £*. This quotient must belong to the 
subcategory Cq. This implies that Wi G F^moduWi, and, as earlier, 
C becomes a trivial extension. 
The Lemma is completely proved. 
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Appendix A. ^-divisible groups in pre-abelian categories 
A.l. Short exact sequences in pre-abelian categories. 

A. 1.1. Pre-abelian categories. Introduce the concept of a special pre- 
abelian category following mainly [21], cf. also [211 ESI ES]. Remind 
that (S is a pre-abelian category if S is an additive category and for 
any its morphism u G B.oms{A, B), there exist Keru = {Ai,i) and 
Cokerw = {Bi,j), where i G B.oms{Ai, A) and j G Hom5(_B, For 
any objects A,B G S, let ^ H A ]J _B be their product and 

coproduct, respectively. There is a canonical isomorphism AJ^S ~ 
^ ]J 5 in 5*. More generally, for given morphisms 

• a G Hom s{C,A), (3 G B.oms{C, B), there is a fibered coproduct 
{A Uc B, iA, is), with u e Hom s{A, A Uc e Roms{B, A jJc B) 

which completes the diagram A < — C — > B to a cocartesian square; 

• / G }ioms{A,C) and g G B.oms{B,C), there is a fibered product 
{AYl^B,pA,PB),mthpA G Roms{AYlcB,A),pB G RomsiAYl^ B, B), 

which completes the diagram A C i-^ B to a cartesian square. 

Similarly, suppose i G Hom5(y4i, A), f E B.oms{Ai, B) and {B A, ia, 
is their fibered coproduct. If {A2,j) = Coker i then there is a morphism 
Jb '■ B Uj^^ a C such that the following diagram 



Ai 



B 



A 



BUa.A 



Jb 



A 



2 
id 



A. 



is commutative (use the zero morphism from B to A2). A formal 
verification shows that (^42,^^) = Cokeri^- 

Suppose j G Hom5(A, A2), g G Vlovhs^B , A2) and (^H^a ^■.Vb-.Va) 
is their fibered product. If = Kerj then there is an %b '■ A\ ^ 

B 11^2 ^ (^^^ ^'^^ map from Ax to B) such that the following 
diagram 



Ai 



A, 



A 



PA 



BUa. 



A 



is commutative and (Ai,^^) = Kerp^ 



PB 



■A2 
9 
~B 



A. 1.2. Strict morphisms. A morphism u G B.oms{A, B) is strict if the 
canonical morphism Coimw = Coker(Ker-u) — )■ \m.u = Ker(CokerM) is 
isomorphism. One can verify that always Ker-u = {Ai,i) is a strict 
monomorphism and Cokerw = {Bi,j) is a strict epimorphism. By 



VARIETIES WITH BAD REDUCTION AT 3 ONLY 

definition, a sequence of objects and morpliisms 



55 



(A.l) 







A, 



A 



A,, 







in S is sliort exact if {Ai,i) = Kerj and {A2,j) = Cokeri. In par- 
ticular, any strict monomorphism (resp. strict epimorphism) can be 
included in a short exact sequence. 

Definition. A pre-abelian category is special if it satisfies the following 
two axioms: 

Al. if a : C — )■ A is strict monomorphism then ib '■ B ^ ^U-^ 

c 

also strict monomorphism; 

A2. if / : A — )■ C is strict epimorphism then pb '■ AY\B B is also 



strict epimorphism. 



c 



A typical example of a pre-abelian special category is the category 
of modules with filtration. 

Consider short exact sequence (lA.ip in S. If / G B.oms{Ai, B) then 
we have the following commutative diagram 











A, 



B 



A 



A, 



AUa.B 



3B 



A 



id 
2 - 











Then Jb = Cokerz^ is a strict epimorphism and by axiom Al, is a 
strict monomorphism. Then Kerj^ = Ker(Cokerzs) = Imz^ = {B^is) 
and, therefore, the lower row of the above diagram is exact. 

Dually, for any g G Y{om.s{B, A2) there is a commutative diagram 











A 



id 



Al 



PA 



IB 



AUa.B 



Pb 



Ao 



B 











where is = Kerj^ is a strict monomorphism, by Axiom A2 pb is a. 
strict epimorphism and the lower row of this diagram is exact. 

A. 1.3. Bifunctor Ext^. Notice that in special pre-abelian categories, 
the composition of strict monomorphisms (resp., epimorphisms) is again 
strict and in the following commutative diagram with exact rows 
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the morphism / is isomorphism. Therefore, one can introduce the set 
of equivalence classes of short exact sequences Exts{A2, Ai). This set 
is functorial in both arguments due to axioms Al and A2. 

Suppose the objects of S are provided with commutative group 
structure respected by morphisms of S. Then for any A,B e S, 
Exts{A, B) has a natural group structure, where the class of spht short 
exact sequences plays a role of neutral element. Remind that the sum 



El + 62 of two extensions £1 

j" 







> Al ^ A' ^ A2 ^ and 

£2 : — > Al A" A2 — > is the lower line of the follow- 
ing commutative diagram relating the rows I = ei (B £2, V*(/) and 

(+)*v*(0, 



/ : 



A,UA,^A'UA"^A2UA2 







id 



V*(/) : 



:+)*V*(/) : 



AiUAi 



Al 



A" 



A. 



A 



id 







Here V is the diagonal morphism, + is the morphism of the group 
dstructure on S. For any / G Hom5(y4i, B) and g G }loms{B, A2) the 
corresponding morphisms /* : Exts{A2, Ai) — )■ Exts{A2, B) and g* : 
Exts{A2, Al) — )• Exts{B, Al) are homomorphisms of abelian groups. 
The proof is completely formal and goes along the lines of [23j. 

Suppose e G Exts{A2, Ai), then the extension e + (— id)*£: splits. We 
shall need below the following explicit description of this splitting. 

Let e : — > Ai-!^ A-^ A2 — ^ 0. Then e + {-id)*€ is the lower 
row in the following diagram 











id 



Al 



An 



A. 











where the left vertical arrow is the cokernel of the diagonal embedding 
V : Al — )■ y4i y4i. One can see that the epimorphic map Aq ^ Ai, 
which splits the lower exact sequence, is induced by the morphism 
P1-P2 : AYIa.A^A. 

Finally, one can apply Serre's arguments [26] to obtain for any short 

exact sequence — > Ai A A2 — > and any B G S, the 
following standard 6-terms exact sequences of abelian groups 







}ioms{B,Ai] 

s 



^Hom5(fi,A) ^Hom5(5,A2) 
ExtsiB, Al) ^ Ext5(5, A) ^ ExtsiB, A2) 
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Horns (A, 5) 

5 



Eoms{A,B) 



}ioms{Ai,B) 



Ext5(A, B) A Exts{A, B) Ext5(^i, B) 



A. 2. p-divisible groups. In this section 5 is a special pre-abelian 
category consisting of group objects. Denote by Si the full subcategory 
of objects killed by p in S, where p is a fixed prime number. Clearly, 
Si is again a special pre-abelian category. 

A. 2.1. Basic definitions. Consider an inductive system (C*-"-', i*'"'')„5:o 
of objects of 5, where C(o) = and i^") : C(") ^ C("+i) are strict 
monomorphisms for all n ^ 0. Let for all n ^ m ^ 0, imn — i^"^^ o 
i("»+i)o. . .oi(^-i) G Hom£(C('"), Then all imn are strict monomor- 

phisms. Follow Tate's paper [Ta] to define a p-divisible group in S as 



an inductive system (C*-"V 



in)- 



n^o in »5 such that for all ^ m ^ n, 

a) Cokeri^n = {C'^'"~'^\ jn,n-m), i-e. there are short exact sequences: 

b) there are commutative diagrams 





(j(n-m.) 

The above definition implies the existence of the following commu- 
tative diagrams with exact rows (where m ^ n ^ rii): 



^c(^ 



3n,\ 



id 



^ C^*") 



C(ni) ^"i'"^-"^, C'(ni-m) ^ q 



C(n) 



(^(ni-n) 



3nm 



Jni ,m-\-n-\^ —n 

^Jm-\-ni—Ti,n-i—n 



id 



Also, for all n ^ m ^ 0, it holds 

• (C(™),2„„0 = Kerip^tdcin)), (C^^'^jnrn) = Coker(p"— idcw); 

* ^mn ^m,m+l O . . . O in—l^n and Jnm jn,n—l O . . . O jm+l^m- 

The set of p-divisible groups in 5 has a natural structure of category. 
This category is pre-abelian. In particular. 



u ^ \^i , h Jn^O 
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is a short exact sequence of p-divisible groups iff for all n ^ 1, we have 
in <S the following commutative diagrams with short exact rows 







CI 



(n) 



a 



in) 



.■(") 



An) 







A. 2. 2. A property of uniqueness of p- divisible groups. 

Theorem A.l. Let D be an object of Si such that Extsi{D, D) = 0. 
// (C*^"\ i*^"^)„^o <^nd (C^"\ 4"^)n^o are p-divisible groups inS such that 
(7(1) ~ ~ then these p-divisible groups are isomorphic. 

Proof. We must prove that for all n ^ 1, there are isomorphisms 



/„ : C(") ^ Cr such that /„o4' 



(") _ An) 



ofn+i- Suppose no ^ 1 and all 



such isomorphisms have been constructed for 1 ^ n ^ no- Therefore, 
we can assume for simplicity that C*^"-' = c[^^ for 1 ^ n ^ uq. Consider 
the following commutative duagrams with exact rows: 



(A.2) Eno+i : ^ C(i) C("°+i) C("°) 







id 



j("o-i) 



'no 



C(i) 



^ C'(no) 



^ (7(no-l) 



(A.3) 



-no 



i("o-i) 







id 

C(i) 



,•{"()) 
'l 



(7("o) 



(7("o-i) 







^l,no+l) ^1 



'l.no+l' 



Here in standard notation of section 1, ii 

i = Hno, j = Jno,no-i, Ji = Jno+i.no and j[ = j;',„+i_„„ (dash means 
that the corresponding morphism is related to the second p-divisible 

group). We must construct an isomorphism /no+i : C^""^^'' — )■ c[^°~^^'' 
such that i("°) o fno+i = Consider the following commutative 

diagram obtained from above two diagrams. 
(A.4) 

(j{no+l) J-| (^("0+1) (-^'I'-^i) 

C("o) 

^(no)]^j("o) 



^ (7{no) ^ 



id 



o^(7«nc« 



(7("o) PI (7(no) 
C("o-i) 



j("o-i) 
(7(no-l) ^ 
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Notice that the morphisms of muhiphcation by p in (7^"°+^) and c[^°~^^'^ 
can be factored as follows 



(no+1) 





CI 





(j{no) (j(no) 

Therefore, we obtain the following commutative diagram 

— — - c^f""^'^ nc("o) 

4"o)]-[j(no) 

(7("o) Y (7(no) 



(A.5) CI 



lC("o-i) 



1) 



(here V is the diagonal morphism). Let a : C*^^^ Yl C^^^ — > C^^^ be the 
cokernel of the diagonal morphism V : C^^^ — > C*^^-* ]^ C*-^-*. Clearly, 
V and a are, resp., strict monomorphism and strict epimorphism. Set 
= Coker (Vo(ii[]i'J) and ao) = Coker (Vo(i[]i)). 
Applying the morphism to diagram (IA.4P we obtain the two lower 
rows of the following diagram 



(A.6) 











.cw 

id 

.cm 

id 

.cw 



Dn 



C7(i) 



D 



'"0 + 1 







D 



no 



^(no-1) 







Note that the middle line of this diagram equals Sno+i — £ 



'no+l 



Ext (C("o)^ c'(i)), and at the third row we have a trivial extension. This 
implies the existence of the first row of our diagram. As it was pointed 
out earlier, a splitting of the third line can be done via the morphism 
/ from the commutative diagram 



(A.7) 



no) 



P1-P2 



D 



no 



(Notice that the morphism s : -Dno+i ~^ Dq is the cokernel of the 
composition Ker/ — )• A D 



Above diagram (lA.Sp means that the morphism of multiplication 

by p on Hcf^o) C^""'*'"'^^ factors through the diagonal embed- 



ding of C("o) into ricf-o-i) From diagram ^K7\ it follows 

u „ 



that pid£)^^_^_-^ factors through the embedding Ker/ — )■ D 



'no+l- 
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Therefore, pD^ = i.e. the first hne in diagram (1A.6P is an element 
of the trivial group ExtsiiC^^\ C^^'^) = 0. So, the second row in (1A.6P 



is a trivial extension, i.e. the extensions ^no+i and b'^^_^_i from dia- 
grams (lA.2p and (IA.3P are equivalent. This implies the existence of 
isomorphism fno+i- D 

A. 2. 3. Splitting of extensions of p- divisible groups. 

Theorem A. 2. Suppose {C^'^\i^'^^)n>o is a p-divisible group in the 
category S and there are Di,D2 E Si such that C^^^ E Extsj^{D2, Di) 
and Exts^{Di, D2) = 0. Then there is an exact sequence of p-divisible 
groups 







) 



(r^M An)- 



n>0 







in S such that Cl = Di and C. 



(1) 
2 



0. 



Proof. We have the exact sequence — > Di C^^^ ■ 
Set C[^'^ = Di and 71 = i. We must show for all n ^ 0, the existence of 
objects Cn \ strict monomorphisms 7„ : C{"^ — )■ C*^"^ and : C[^^ — )■ 



is a p-divisible group and the system 



C;"+'^ such that (Cf\iS"))„^o 
(7n)n>o defines an embedding of this indivisible group into the original 
p-divisible group (C'^"'^ i^"^)„5:o- Agree to use for all ^ m ^ n, the 
notation z^n and jnm from Subection IA.2.11 for the original p-divisible 
group and set C^"^ = C„o- 

Illustrate the idea of proof by considering the case n = 2. 
Consider the following commutative diagram with exact rows 62 and 



-(1) 



I 82- 



62 : 



e^^ : 



c 



10 



id 



c 



10 



«12 



20 



a 



21 



J21 



,•(1) 



c 



10 



Cii 







By axiom Al from Subsection IA.1.2t 72^'' is a strict monomorphism 

and the equality pidcjo — hi ° ^12 implies that pidcai = J2i^ o [i o i^i2)- 
Then the morphism : Ext5(Cii, Cio) — )■ Ext5(Cii, 1^2) induces the 
following commutative diagram 







C 



'12 



C2I 
f 



D 



21 



,•(1) 
J21 



Cn 



Cn 







and {Cii,i o i^^^) = Ker/. From the above decomposition of pidcai 
it follows that it factors through the embedding of Ker/, therefore. 
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pid^ji = 0, i.e. D21 G Ext5^(Cii, 1^2) = 0. Then the exact sequence 
Hom^ — Ext^ imphes the existence of a commutative diagram 







C 



*12 



10 



.(1) 
J21 



21 



c 



j(2) 



(2) 
72 



11 



.{2) 
J21 



22 



■Cn 

id 

■Cn 







Verify that one can set c[^^ = C22 and 



1^12 ■ Indeed, 



(2) 



Pidc22 ° 7?^ = 7?^ o Pidc2i = (7?^ ° jti ) ° ° ^u) = A? ° 4? ° 72 

and because 'y^'' is monomorphism, pidcaa = Jsi ° iu- This means 
that we constructed a segment of length 2 of the p-divisible group 

I'-^l 5*1 Jn^O- 

Consider the general case. 

Lemma A. 3. Fork ^ 1 and 1 ^ k, in the category S there are the 
following commutative diagrams with exact lines (for second diagram 
El,t ^ 1 and for forth diagram fi^, t 7^ k): 



El] 



El) 



VI) 







Cfe-1,0 

id 



k-1,0 



0- 

0- 

0- 




fc-l,t-2 



Cfc-i,t-i 
■ Cfc-i,t-i 



,•('-1) 

Jk-l,k-2 



Ckt — 



■?fc,fc-l 



l,t 



feO 



7^' 



kl 



'fe-l,fc 



fc,t-l 



(t) 

7r 



'fc-i,fe 



'fe-2,fc-l 



■Jk,k-1 



k-l,t 



(*) 

7r 



Ck.t-i 



(t) 

7fcii 



Jk,k-1 



c, 



k-l,t-l 



Jki 



,•(1) 



•(*) 



.(t) 
Jfel 



At) 

Jk 



At) 



i 



11 



11 

id 

-Cn 

-1^2- 

id 







-0 
-0 

-0 




D2 -0 

(0) 



(Here for all k^O, Cko = C^''\ ik,k+i = jfc+1,1 and jll^j^ = jk+i,k 
are the morphisms from Subsection \A.2.l\ all ik\+i and ''yf^ are strict 



monomorphisms and all f^}^^ and j^"^-^ ^ are strict epimorphisms.) 
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idcio, Jii 



Proof. Use diagram El to set Cn = Di, 'y^'' = i, jn 
idcii- Then for any k ^ 2, the upper row of El is the short ex- 
act sequence £fe e Ext5(Cio, Cfe_i^o) from the original p-divisible group 
(Cfco, i^'''')fc>o- Therefore, its lower row equals i*ek G Ext5(£)i, Cfe_i^o)- 
This defines the objects Cki, strict monomorphisms i^j^ln,, strict epi- 

morphisms jj^^ and morphisms 7^^'', which are strict monomorphisms 
(use axiom Al and that i is a strict monomorphism). 

For any k > 2, the relation {jk,k-i)*^k = £^fc-i implies the relation 
{jk,k-i)*{i*£k) = i*£k-i- This gives the morphism : Cki Cfc-1,1 

such that commutes. Because jk-i,k-2 is a strict epimorphism so is 
the morphism 

The upper row of diagram Ql is obtained from the middle column 
of diagram El because Coker7[^'' ~ Cokeri = {D2,j). Similarly, the 
lower row of Ql is obtained from diagram El_^. The left square of 

is commutative by the definition of The right square is 

commutative because fll relates diagrams El and For k = 2, 

the constructed morphism clearly coincides with the morphism 

jk,k-i from diagram El. 

Suppose now we are given integers ko ^ 2 and to < k^ such that 
diagrams Ej., and Vt\ have been already constructed for all k < Uq 
and all relevant t and for k = ko and all 1 ^ t ^ to- 

Constructing -E^g"*"^. Consider the following diagram obtained by 

applying to the lower row of i?^": 



■ Ck„- 

Jko-l 



l,to-l 



Do 



ko,to 



D* 



.Co) 



-Cn 

id 



c 



11 



Clearly, Ker (Cfe„*„ ^ D*) = {Ck,-i,to,li°li o 



''ko-l,ko) 



Consider the 



strict monomorphism -/koto — lk°^ ° ■ ■ ■ ° ' ^koto C'jfcoO and an 
analogous morphism 7A;o-i,to-i : Ck^^-i^to-i C'fco-i,o- Because to ^ ko, 
one can obtain from diagrams 0^° and El^ the following commutative 
diagram 



koto 

,-(to) 

Cko-l,to 



fco — l,t() — 1 



Ato) 



koto 



Ci 



koO 



JfcQ,fcQ — 1 



7*0*0 



koO 
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Then pidc,„o 

.•(*o) 



jko,ko-i°iko-i,ko implies that pidc, 
ko-i,koJ i-e- P^^c^oto factors through KeT{Ckoto ^ D* j 



°(7, 
and, therefore 



o 



pido* = 0. Then Ext^i (Cn, Ds) = imphes that {fil°li)*e'j^f = 0, and 
we obtain from the exact sequence Hom^ — Ext^ that the following 
commutative diagram with rows e^^°^ and £^j^°~^^^ can be taken as -5'^°'''^: 



Ck, 



(to) 



fco-l,to 



Ak-,) 



koto 



(to+i) 



ko,to+l 



id 



c 



11 



Constructing A^°^^. Assume that to + 1 < ^o- The above extension 
e^""*"^ is not uniquely defined. Show that its choice can be done in such 
a way that all diagrams A^°'''^ were commutative. Consider the short 
exact sequences from diagram ^^^o-i- They give rise to the following ex- 
act sequences of abelian groups (where for i = 1,2, Hi := Hom(Cii, Di) 
and Ei = Ext(Cn, A)), 



(A.J 

Hi 



id 



Ho 



Ext(Cii,a 



,-(to) 

Jko-l,ko-2, 



ko~l,to) 



Ext(Cii, 



2,to) 



Co) 



TfcO-2. 



Ext (Cn,C, 



,-(to-i) 

Jfcg — l,fcQ-2* 



Ext(Cii, Cka-2,ta-l] 



El 



id 



Eo 



As we saw earlier, the commutativity of E^f^^'^^ is equivalent to the 
relation 



(A.9) 



(7, 



(to) ) 
ko-l) 



_(to+l) 
'ko 



Sto) 
'ko 



From A*° 



it follows that e^^o^i 



■(*o-l) 



-(to) 



and from E^i^^~^\ 
Then flA.Sp implies that the 
extension e^*"^^'' from relation ( \A.9\i can be chosen in such a way that 



it follows that i^itUk^-P 

-(*o+l) 



e 



~ Uko-l,ko~2J*^ko ' 
(to) 



ko-l- 



Ato) 



feo-l,feo-2/*^fco 



(to+l) 



_(*o+l) 

'fco-l ' 



and this gives A 



to+l 
ko 



Constructing ^'^^^^^'^ ■ The above arguments imply that the left squares 
of diagrams -E^"^^ and are related via the following commutative 
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Cko-1 



fco-l,*o-l 



Jko-l,ko-2 



Cko-l,to-2 



Tfeo-2 




feo-2,to-l 



■'ikQ-l,kQ-2 



feo— l,to 



j(*0) 



.•(*o-i) 
«fcn-2,fcn-l 



.(to) 

*fco-2,feo-l 



,-(to+i) 



Cfeo-l,to-l 



,-(to) 



^(*o+i) 




,-(*o+i) 



From diagrams 

^fco-i' ^fco^^ and it follows that the induced map 

Cokcr7[*°^^^ — )■ Coker7^*''2i — -D2 is isomorphism. This is equivalent to 



the existence of The lemma is proved. 



□ 



For any A; ^ 1, set Ckk = Cf^\'i'k-ik = 4*^'- Then use diagrams 
to define the inductive system {Cf^\i'^^)k^Q. Denote by 7^ the strict 
monomorphism 7^'^'* o ... o 7^^-' : C^'' — >■ C'^^\ From diagrams E^, 
1 <t < k, obtain the following commutative diagrams: 



(A.IO) 







ik-i 



(fc-1) 



Ik 



Jkl 



C(i) 



71 



(fe) 



■(k) 

^kl 



CI 



(1) 







It remains only to prove that the inductive system (C^"'^ 4"^)n>o is ap- 
divisible group in S. From diagrams Ej^ and A^~^ obtain the following 
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(A.ll) ^Ck-i,k-i 



Jkl 



(k-1) .(fe-2) 



kk 



(k) .(k-1) 
"Ik °^k.k-l 



Cu — -0 



^ Ck-2,k-2 



.(k-1) 
*fc-2,fc-l 



id 



Ck-l,k-l 



.(k-1) 

^k-1,1 



Cu -0 



(2) 
72 



If = 3 then the left vertical morphism of this diagram is equal to 

(1) _ .-(2) 



o J21' = ^21 is a strict monomorphism. By induction all mor- 
'Ik'^ ° Jk'k-i strict epimorphisms and are included 



phisms jX,fc-i 
in the following commutative diagrams 



(A.12) 



3k,k-\ 



Ik 



(fc) 



Ik-i 



(fc-1) 



For < m ^ n, set j^^ = j' o . o j'^^.^^^ and 4„ = i'^^^^^ 0...0 
i'n-i n- Composing diagrams (lA.llI) obtain the following commutative 
diagram with exact rows 



CI 



(n-l) 



J n — l.m—l 



CI 



(m—l) 



CI 



(n) 



(m) 



Jul 



Jml 



c\ 



(1) 



c\ 



(1) 



Thus, i'n-in induces the isomorphism Kerj^-im-i — Kerj^^. There- 
fore, Ker j;^ = (C{""™\ if we prove that 



(A.13) 



Ker = (C^ 



k-1 -I 



As we noticed earlier, j'^^ = jk,k-i ° • • • ° j2i- Therefore, diagrams 
(1A.12P imply that 7^ o ji^^ = j^^ o 7^^. Now diagram (lA.lOp implies that 

ifci^°7i — ifci°7i therefore, j^f = j'f.-^ because 71 is monomorphism. 
Hence equality (1A.13I) folows from diagram (lA.lOl) and (Cj"'', 4"^)n^o 
satisfies the part a) of the definition of p-divisible groups. 
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From diagrams (lA.lOp and (1A.12P one can easily obtain for all indices 
^ m ^ n, the commutativity of the following diagrams 



(j(n-m) 



7n 



CI 



(n) 



n,TL — m 



CI 



(n—m) 



n — m.n 



CI 



(n) 



Because ■jn is monomorphism, the equality j 
implies the equality 



m ° '^n—m,n — P idc'(n) 

p'^id„(n) . This gives the part b) of 
the definition of p-divisible groups for 

4"'')n>o- The proposition 
is proved. □ 



Appendix B. SAGE program 

This program finds the principal units /i,/2,...,/9 in Q(^9, v^) 
such that for the normalized 3-adic valuation and all 1 ^ i ^ 9, 
the integers = ISv^i^fi — 1) are prime to 3 and 1 ^ ai < 02 < 
■■■ < flg. The result appears as the vector af = (ai, 02, . . . , ag) = 
(1,2,4,5,7,8,10,13,16). 



p=3 

L . <b>=NumberField(x~p-p) ; 
R.<t>=L [] 

M . <c>=L . extension(cyclotomic_polynomial (p"2) ) ; 
L . <b>=NumberField(x"p-p) ; 
R.<t>=L [] 

M . <c>=L . extension(cyclotomic_polynomial (p"2) ) ; 

X. <d>=M. absolute.f ieldO 

from_X, to_X=X. structure ; 

e=X. units 

e . append(X.zeta(p~2)) 

def n(x) : 

for i in range (p): 

if valuation(norm(X(x-i) ) ,p) ! =0 : 
break 
return norni(X(x-i) ) 



def a_(x) : 

return valuation(n(x) ,p) 

p=3 

a= [valuation (n(x) ,p) for x in e] 
f = [e .pop(a. index(min(a) ) )] 
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h=[] 

d=X. degree 

while len(e) ! =0 : 

a= [valuation (n(x) ,p) for x in e] 
iO=a . index (min (a) ) 

for j in range(len(f )) : 
for k in range (d): 
s=0 

if a_ (f [ j ] "p'k) >min (a) : 
breai 

if min(a)==a_(f [j] "p~k) : 
s=l 
breai 



if s==l: 

for i in range ( (p-1) "2+1) : 

if inin(a) <a_ (e [iO] / (f [j] " (i*p-k) ) ) : 
e[iO]=e[iO]/(f [j]-(i*p-k)) 
h.append((i, j ,k)) 
break 

break 

if j+l==len(f) and s==0: 

f . append (e .pop (iO) ) 
af= [valuation (n(x) ,p) for x in f ] ; af 
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